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1 Scalar fields

1.1 Preliminaries: why QFT?

We know that quantum mechanics and the special theory of relativity are both properties
of nature. The validity of quantum mechanics is experimentally demonstrated by the pho-
toelectric effect, atomic spectra etc. Similarly that of special relativity is demonstrated by
experiments showing constancy of speed of light, time dilation etc.

The question then is: how do we extend quantum mechanics to incorporate relativity? Or
putting it the other way, how do we extend relativity to incorporate quantum mechanics?

The basic equation of quantum mechanics is the Schrodinger equation:

0 h? -
Clearly this is not relativistic, since it treats space and time differently.

Now, a basic equation of relativity is:
E? = 722 + m?c!

which in units where ¢ = 1 (which we use henceforth) becomes:

Of course this equation is classical rather than quantum.

In quantum mechanics, [1(z,t)|? is the probability of finding a particle at some point in
space and time. As we will see, extending the Schrodinger equation to a relativistic wave

equation is not merely a technicality but forces us to change interpretation.

Where does the Schrodinger equation come from? We start with the non-relativistic classical

relation:
]72
E=—+V(Z
o (7)

and then make the replacements, motivated by wave mechanics:

E— ih%, p— —ihV

For a free particle (V(Z) = 0) it is easy to guess a relativistic equation. For a relativistic

particle we have:
-9
E=pP+m2~m+ L
2m



where the RHS holds (after dropping the constant m from the definition of energy) in the
non-relativistic limit.
)
So we may just replace F = é)— by E? = p?+m? and then try to convert it to a Schrodinger-
m
like equation for a wave function ¢(z*) where z# = (¢, Z). In what follows we will write 1 (z#)
as 1 (x) for simplicity. The result is:

82

_hZ@ _ _h262,¢) + m2,¢)
Introducing;:
0 =
o= (5:9)
and O* = n*0,, we have:
(E,p) — iho"

Then the above equation can be written:
R20,0"(z) +mPY(x) = 0

which is the free Klein-Gordon equation. To check that the dimensions are correct, note that
in units where ¢ = 1 we have:

[A] = ML, [0,] =L, [m] = M

The general solution to this equation is:

under the condition that:
—R’k,k* +m® =0

1 /o
ko = iﬁ\/h%? + m?2

Since energy is represented by i0/0t, the energy eigenvalue follows from:

. 8 ,‘k K 7‘]{) y7 1 g o m
tkpat _ L ikt _ 4~ h2/{72 2 tkyx
z—ate 0€ h\/ +m* e

Therefore negative energy solutions are allowed.

This can be solved for kq:

(Classically we could restrict to positive energy solutions. Even in relativistic quantum me-
chanics, we could try to do the same as long as we have a free wave equation. But the laws
of quantum mechanics make it clear that once interactions are included, there will be tran-
sitions between positive and negative energy states (the energy difference between a positive
and negative energy state is finite). Thus the physics of the Klein-Gordon equation, treated
as a wave equation, is inconsistent.



1.2 Classical fields

We conclude that a relativistic wave equation as an analogue to the Schrédinger equation is
not physically meaningful. An alternative approach is to consider fields. Let us consider the
electromagnetic field. Non-relativistically it is defined via ¢(t, Z) (the scalar potential) and

A(t,Z) (the vector potential). In special relativity these two fields combine into a 4-vector
potential:

Al (z) = (¢(t,f),fx’(t,f))

We can write Maxwell’s equations in free space (no charges or currents) as:

v.i-o, vxi-L
ot

V.B—0, vxi--28
ot

where: .
L 94 . L.
E=——— B = A
BT Vo, V x

These can be written in relativistic form as follows. Define
F. = 0,A, —0,A,
The electric and magnetic fields E;, B; are defined in terms of components of F),, by:

1
Fy = E;, Fz‘j = §€z‘jk3k

and the Maxwell equations become:

MF, =0,  M),F,=0

The electromagnetic field A,(x) is a 4-vector at each point of space and time. It can be
thought of as classical for many purposes (hence the subject “classical electrodynamics”).
However, as Planck taught us, one can go wrong by considering it to be classical in certain
situations where the correct answer is only obtained by quantising the field.

A priori, quantising a field has little to do with particles or wave equations. Just think of the
field as a dynamical variable, consider its equations of motion and convert them to equations
for operators in a Hilbert space. This can be done for the electromagnetic field, but it is not
the simplest case to consider. Instead of a 4-vector field A, let us consider a simpler field



that has just one component: a scalar field ¢(x). The obvious relativistic field equation one
can write down for this, analogous to the Maxwell equation for A, is:

0,0 ¢p(x) =0

This is the massless free Klein-Gordon equation. But now it is not a wave equation! ¢(zx) is
not the wave function of a particle with |¢|? being the probability density. That would lead
us back to the problem of negative energy states. Instead, we consider ¢(z) to be a field and
quantise the field.

To be a little more general, we extend the field equation by putting back the mass term. It
remains to be seen what is the physical interpretation of the field, as well as the mass term.
We return to that later on. Thus we want to quantise ¢(z) satisfying:

R20,0"¢(x) + m*p(z) =0

Let’s assume we have never quantised a field before, but we know how to quantise coordinates
q(t) appearing in a harmonic-oscillator Lagrangian like:

1 1
L= §mq’2 — §mw2q2

This is quantised by promoting ¢(t) to an operator and imposing the canonical commutation
relation:

[g,p] = ih

As we now show, we can reduce ¢(z) to a set of harmonic-oscillator coordinates labelled
qz(t), by a simple device. Each ¢z(¢) will describe a separate harmonic oscillator and can be
quantised independently as above.

For this, place the system in a cubical box of side L. Thus,
0<z,y,2<L
Now impose periodic boundary conditions across the box:

(b(t? x? y7 Z) = (b(t? x _'_ L7 y7 Z) = ¢(t7 x’ y _'_ L7 z) = (b(t? x’ y? Z _'_ L)
The functions of ¥ that satisfy the box boundary conditions are:
ez‘E-f

where k = 2T“(ml, mg, mg) for any three integers my, mo, ms.



Therefore an arbitrary field configuration ¢(z) can be expanded as:
=N qp(t)e*”
k

where N is a normalisation factor. The ¢z(t) are fluctuation modes of the field ¢(z).

Inserting this into the Klein-Gordon field equation above, we find:

i)+ (B4 ) aett) =0

where k% = %(m%+m§+m§). Thus for every k we have an independent harmonic oscillator

with frequency
k2

k hQ

Note that the g;(t) are not physical coordinates of space, but because they obey the harmonic-
oscillator equations of motion they can be thought of as some type of “generalised coordi-
nates”.

Since we chose ¢(z) to be real, we have

qr(t) = q_g(t)

Thus the quantum Klein-Gordon field has reduced to a collection of infinitely many harmonic
oscillators, each decoupled from the other. This is a system we know how to quantise.

1.3 Quantising free scalar fields

We can write down a Lagrangian whose equations of motion give the equations of motion
for g;(t) written down in the previous section:

1
3 da u)0 G5 + Z q_j; 05)
E>0

L(q,q) =

where we conventionally take the vector ko= %(ml,m%mg) to be > 0 if its first non-
vanishing component is > 0. In deriving the above Lagrangian, the normalisation of the
expansion of ¢(x) in terms of the ¢; was used.



The canonical momenta for this Lagrangian are:

o
L, 0 .
E = 94 = 4
oL
b_p = 66],; = dq_g

where k > 0. The Hamiltonian is then:

H = poqo+p_jq;+prpd_ip—L

1 1
= Pt gwa Y (bt
k>0

E>0
Now impose canonical commutation relations:
gz, p_p) =ihog s [pppi] = laz qp) =0
The above equations hold for all positive and negative k as well as k = 0.

This converts g;(t) into quantum operators, and thereby
S ) =N qp(t)e™™
i
also becomes a quantum operator. Note that the operators obey:

The Hamiltonian is solved by factorising each harmonic oscillator using the creation/annihilation
operator method. We start by defining:

ap = (ipg + wi z)

2hw

et}

where E, k' can be positive, negative or zero. It follows that:

(—ip_g +wia_z)



It is easy to check that:

Now we have:

where the sum is over all k.

For each harmonic oscillator, the state of lowest energy is the “Fock vacuum” defined by:
az[0y =0, allk

This is interpreted as the quantum state of the field theory which is empty of excitations.
Other states will be interpreted as containing “field quanta”, otherwise known as “elementary
particles”.

The ground state energy of the entire system is the constant (operator-independent) term
in the Hamiltonian, namely:
Ey = %hwo +h> wp
k>0
Unfortunately the sum is infinite! This is the first of many potential difficulties in quantum
field theory.

On the other hand, all excited states have strictly positive energy compared to the ground
state. Negative energy states simply do not exist when we quantise a field!

To see this more explicitly, we first re-define the Hamiltonian by subtracting off the infinite
constant. This simply means we measure all energies relative to the vacuum state, which
seems quite reasonable physically. In a true harmonic oscillator we measure the ground state
energy by comparing it with the energy when the oscillator is absent. For a field, we cannot
do this — the field is always present, whether or not it is excited. In the absence of gravitation
(which couples to all energy including vacuum energy) we can therefore just set the vacuum

energy of a field to zero!.

Hence the quantum Hamiltonian of the free real Klein-Gordon field is simply:

H = Zhw,;a%a,;
k

"'When gravity is present we would instead set the vacuum energy equal to the value measured experi-
mentally. However a fundamental theory of quantum gravity could possibly allow us to calculate the vacuum
energy.



The finite size is only a convenience. If we take the limit . — oo, we get continuous allowed
values of k and:

>k +
H:/(Qﬂ')3 hw,;a];a,;
where

lag. al,] = (2m)* 8%(k — i)

Now that we have quantised the free Klein-Gordon field, we need to interpret the result.
The energy eigenstates are
T

.I.
ap ag - ~algn\0>

As we saw, the state |0) is chosen to have zero energy (this amounts to a choice of the origin
of energy). Now consider the state ag|0). This state satisfies:

H(a!|0)) = huwg(al|0))

EE = hw,; =1 FLQEQ + m?

This state fits perfectly with our expectations of a state containing a single particle of

and therefore its energy is:

momentum p = hk. We therefore interpret it as a one-particle state.

When we study conserved currents, we will show that the operator:
P = Z hk ajg ag
E
measures the 3-momentum of the state. We have
Pl0y=0,  P(al|0))=hk(akl0))

which is exactly what we expect with our interpretation.

If we consider the most general state:

atl -a2n|0)
we have
H (agl o ~a£n|0)) = (thl;») (al%l . -al%n\()>>
i=1
as well as:

p (afgl . ‘a£n|0>> - (Z 12:’) (a%l N .a£n|o>)
=1



as expected for a multiparticle state with n non-interacting particles.

Also, because the a' all commute among themselves, the state a% a% |0) is the same as the
1 2

state aT]g ajg |0). This means the particles corresponding to this field satisfy Bose statistics!
2 1

We also see that there is a single state for fixed particle number and momenta. The absence
of another label giving a degeneracy indicates there is no spin in this case.

Thus we see that quantising the free real Klein-Gordon field gives us states containing arbi-
trary numbers of free spinless particles, all of a common mass m and obeying Bose statistics.

Let us now see what quantisation of the ag, al% tells us about the original field ¢. We have:

where again we are using language appropriate for infinite space rather than a box. Since:

we have

Since we also have

we can construct:

A3k wy o P
(%) = —ihQ/ k (a,; - al% e_””)

V2

This operator 7(Z) is called the canonical momentum conjugate to ¢(Z). Later we will see
that it has a natural definition even without going to Fourier modes.

Now it is straightforward, using

lag, al,] = (2m)* 6°(k — &)
to show that
z),7(t, )] = ih 63 (2 — )
[6(t, %), o(t, 2)] = [7(2), m(2)] = 0

This could be an alternate starting point for the quantisation procedure. Notice that the

8L 8

field commutators are taken at equal times.

Henceforth in these lectures we work in units in which A = 1.

11



1.4 Comment on normalisation

How to normalise the state:
k) ~ al]0)

—

If we try (k|6) = (27)38%(k — €), this is not Lorentz invariant.

Consider a boost along x! described by:

ky = coshaky+ sinhak;

ki = sinha kg + cosha ky

Then the delta-function becomes:
5K — 1) = 8(K; — €4)5(ky — )50k, — £3)
which is equal to:

5<sinh a(ky — lo) + cosh a(ky — El))cS(kg — 05)6(ks — 13)

Since kg = wp = V k2 + m?2, we have:

ko — by = wp —wp= \/l?—i—m?—\/g?—l—m?

Using the behaviour of the delta-function under a change of variables, one can now show

that:
5<sinh a(kg — y) + cosh a(ky — 61)) — Yk d(k1 — 1)

w,;,

It follows that wy 53(/’5 — Z) is Lorentz invariant.

Therefore we choose the normalisation such that:

— —

(k6) = (27) 2w 8° (K — 1)
which means the normalised state of momentum k should be defined as:

k) = /2w al.|0)

We will see that in this way, the Hamiltonian formalism recovers Lorentz invariance for
physical quantities, despite non-covariant choices along the way.

12



1.5 Time evolution of the field

With all this, we can now go to the Heisenberg picture and explicitly determine the time
evolution of ¢(t, ). We have

o(t, T) = e $(0,7) e

@

This can be easily computed starting from the analogous statement for the creation and
annihilation operators:

JHt  —iH Ht t —iH
ap(t) = eag e, a%(t) = ¢ ta%e i
where in this equation and everything that follows, ag, al% stand for az(t = 0), al(t =0).

There is a simple trick to evaluate the above expressions. From the Hamiltonian:

Pk +
H:/(27T>3 Wi azag

we find:
[H,a] = —wgpag
[H, aj;] = wg a%
It follows that
eZHta,; o—iHt  _ e—iw,;tag
eZHtalT2 e = e“"l?ta;2
Then from Br 1 N
$(0, ) = / o (% 67 4 al.e k>
we get

where k - x = k,o#, with k* = (wg, k) and z# = (t, Z).

Notice that a; multiplies & while ajg multiplies e (by definition, w; > 0 always). We
call e"™r! a positive frequency mode (because acting on it with ihd/0t would give a positive
int

energy eigenvalue) and e"i" a negative frequency mode.

We see that the positive frequency mode is multiplied by an operator which destroys a
particle of energy wy while a negative frequency mode occurs with an operator that creates
a particle of energy wg. The energy is always positive.

13



For complex ¢, things are different. We then have two fields ¢(x), ¢'(x). In what follows we
will show that to a complex field ¢ one can associate a charge such that ¢ has charge 41 in
some units while ¢ has charge -1.

In terms of the mode expansion, we find that there are twice as many oscillator modes, and
the mode expansion is:

o' (7, 1) / UL < ik | pf zm«>
z, = ———— |aze e
(2m)3 2wz \F k
We a% as the operator that creates a particle of momentum E, as before, while b% creates a
particle of the same momentum but opposite charge. We call the latter an antiparticle.

From the mode expansion we see that ¢ contains the modes a' that create particles as well
as the modes b that destroy antiparticles. This makes sense because in both cases the charge
of the state increases by 1 unit. Similarly ¢ contains modes b' that create antiparticles and
modes a that destroy particles. In both cases the charge of the state decreases by 1 unit.

1.6 Causality

In this section we examine whether, in quantum field theory, physical signals can propagate
over space-like intervals. For this we should compute the vacuum expectation value of the
commutator [¢(x), ¢(y)]. We will see that this is zero over space-like intervals, which by
the laws of quantum mechanics guarantees that measurement of one field cannot affect
measurement of the other. Therefore signals cannot propagate over such intervals, exactly
as expected based on the structure of classical special relativity. On the other hand, the
above expectation value will turn out to be nonzero over time-like intervals indicating that
signals can propagate over such intervals.

Let us work with real scalar fields ¢(z). Consider the state:

¢(x)[0)
Given that B .
_ —ik-x t ikx
o(x) /(27?)3 2 (ake +ale )
we have:




since the first term a;|0) vanishes. This can be interpreted as the state corresponding to one
particle localised at position 7, and evolving in time ¢. The corresponding adjoint state is:

<0‘¢(5L’):/<;i7:§3 1 eﬁ'k.:z:<0|al2

Now we already know that

[6(t, %), ¢(t,2)] = 0
as long as 7 # 2. If we consider the apparently more general commutator [¢(x), ¢(y)], we
realise right away that this is also zero for (z — y)? < 0, i.e. for space-like intervals. The

reason is that in this case, as we will show below, by a Lorentz transformation we can bring
the two space-time points into the form (¢, %) and (¢, z").

The answer is hard to compute explicitly but simplifies in the limit of large (space-like or
time-like) separation. Let us define:

D(z,y) = (0]¢(x)o(y)[0)

Note that by translation invariance, D(z,y) depends only on the separation between the two
space-time points. Henceforth we denote it D(x — y).

Inserting the mode expansion for ¢, we have:
Bk e 1 1

e
(2m)3 (2m)3 | /2w /2wy,

The expectation value is evaluated as follows:

_ik/.xe+ik-y<0|agla2|0>

wwwwwmnz/

—

Olagaio) = (0 [ag.at] 10} = 25~ 7

where we have used that a;|0) = <0|a2 = 0.

Pk 1,
D — = JE— —Zk?'(:l:—y)
(x=y) / (2m)3 2w,;6

This will be computed for large separations in an Appendix to this section.

The result is that:

In terms of this quantity we have:

(Ollo(x), ¢()]|0) = D(z —y) — D(y — )
As we show in the Appendix, in the space-like case

Diw —y) ~ el

15



for large r. Therefore at least in this limit, D(z,y) — D(y,x) = 0. In the time-like case, we
have instead:
D(:L‘—y) ~ e—imt

for large t. Therefore D(x,y) — D(y,z) ~ sinmt # 0. Therefore signals can, and do,
propagate only over time-like intervals.

We have:

D(x —y) — D(y — x) = (0][¢p(x), (y)]|0) = / (;l;ljs 23}]; (efik-(l'*y) _ eik.(mfy)>

For 2° > 9" this is equal to:

J R L R
(2m)3 ) 2mi k? —m?

where the contour passes above the poles kg = +w;. To show the above, note that:

1 B 1 1 1
k2—m2_2wl; ko—w,; ko—i—wl;

Now since 2° > /%, the contour can be closed in the lower half-plane and we get:

O .
dk” =1 ke 1 (gk-(m—y)‘ k)| )
2mi k? — m? 2wy kO=wg kO=wg

Inserting this in the above expression we recover

Bk 1
(2) 2wy

Dy - Dly-a) = [

(efik-(mfy) . e+ik-(:}37y)) ‘ko:wlz

as desired.

If instead z¢y — yg < 0 then with the same pole prescription we can close the contour in the
upper half-plane and we get 0. Therefore we have shown that:

/ <d4k ? e m @) = (0[[p(z), p(y)]|0), 2° —1° >0

21)4 k2 —m?

= (0 otherwise

This motivates us to define a propagator called the retarded propagator by:

—ik-(z—y)

Dile—9) =00 — )0l o) = [

16



where the contour Cr passes above the poles. Here 6(z° — ¢°) is the step function which is
+1 for positive arguments and 0 for negative arguments.

Correspondingly the advanced propagator is:

4 .
dk 1 ikey
2m)4 k2 — m?

Dl — ) = 6(5° — 2)(0][6(x), ()]0} = / :

where the contour passes below the poles.

Exercise: show that
(62 + mQ)DR,A(a: —y) = —i54(a: —v)

showing that the retarded and advanced propagators are Green’s functions for the Klein-
Gordon equation.

Appendix to Section 1.6

We wish to compute the dependence of

D(z,y) = (0]¢(2)o(y)|0)

on x —y. As we have seen,

Bk 1 ,
D(x"y):/ eilk'(mfy)

This is divergent for x* = y*!

Now we consider two special cases:

The first case corresponds to time-like separation while the second corresponds to space-like
separation.

All time-like separations can be brought to the first form, and all space-like separations to
the second form, by a Lorentz transformation.

(A quick sketch of the proof is as follows. By a spatial rotation, any vector a* can be brought
to the form (a°, a',0,0). Now consider

at =a’ +adt

17



and notice that a - a = a,a" = aya_. A Lorentz transformation acts as:

B

ay — eﬁaJr, a_ — e "a_

for some parameter (.
Now if @ - a > 0 (time-like separation) then a; and a_ have the same sign and by a Lorentz
transformation we can make ay = a_, i.e. a* is of the form (a,0,0,0). If instead a-a < 0

(space-like separation) then a, and a_ have opposite signs and by a Lorentz transformation
we can make a, = —a_, i.e. a* is of the form (0,a',0,0).)

Let us now evaluate D(x,y) in the two special cases. In the first one,

3 1 =
= [ 22 e

21)% 90\ /12 + m2
Since the integrand depends only on the magnitude of k we use d3k = 47TE2d|E| and get:

4 o 2 e 1 [ .
D(z,y) = T 5 / dlk| ————=¢" K2 m?t —2/ dEVE? — m?e tHt
2(2m)3 Jo V2 4+ m? 872 /o

where in the last step we have made the substitution £ = v/ k2 +m2.

One can easily check by saddle-point methods that for large ¢, E ~ m and so the integral in

the time-like case goes like:

~e ™t 00

Next consider the spacelike case:
d3k 1 7o o
D(l‘ — y) = / 3 — elk?'(l‘—y)
(27m)3 94/12 + m2
This time the integrand depends on the angle made by k with the r-axis, so we use d°k =
27 sin 0 df k*d|k|. Then:

27 sin 0 d6 k2 d| k| 1 ‘
D(.T,y) — / _ ez|kHr\cos€
(2m) V2 +m?
1 o© 2 ik|lr| _ g—ilkllr]
_ _2/ Al j{; e ﬁe
(2m)% Jo 2Vk2+m2 k]

1 — 400 P eip|r|

. dp ———
@2m)? 2l J o " PP+ m?
This has square-root branch cuts at p = +im. So we set p = ip and find:
2 co p67p|r|

KV T

—m|r|

D(z,y) = e

82| Jim

18



1.7 The Feynman propagator

There is another propagator, also a Green’s functions of the Klein-Gordon equation, that
corresponds to an important physical quantity. Define:

d*k l ;
D . — —ik-(z—y)
F(x y) /Cp (271')4 k2 . m2 €
where the contour Cr is taken to pass below the first pole (at ko = —w;) and above the second

pole (at kg = wy). Now if 2% > 9% then we can close the contour below, capturing only the
pole at ky = wy. In the reverse case y° > 2° we close the contour above and capture the pole
at ko = —wy.

In the first case, we find:

Bl
Drla—y) = / (2m)? 2wy e o

which is the same as D(z — y) = (0|¢(x)d(y)|0). In the second case we get D(y — x).
Therefore we have:

Dp(z,y) = D(@—y), ">y’
= D(y— ), y° > 2°

or more concisely,

Dp(z,y) = 0(z" —y°)D(x —y) + 6(y° — 2°)D(y — x)

Physically this is a propagator that takes a particle from earlier times to later times. It is
called the Feynman propagator and can be expressed as:

Dp(z —y) = (0]T(¢(x)o(y))|0)
where T is the time-ordering symbol, defined by:
T(d(2)o(y)) = 0(2" — y")d(2)o(y) + 0(y" — 2°)d(y)(x)
The field at the later time is put to the left of the one at the earlier time.

We now derive an expression for the Feynman propagator that will be useful later on. Let
us decompose ¢ into its creation and annihilation pieces:

= d3k 1 —ik-x
¢+(tax) - /(27r)3\/27012a12€

) B 1
o-(t:7) = /(27r)3 S K
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Because ¢, always annihilates on the right, and ¢_ always annihilates on the left, we have:
Dr(z —y) = 0(z" = y") {0l (2) o—(1)|0) + 0(y° — 2°) {01+ (y) ¢—(2)]0)
But for the same reason, we are allowed to replace each bilinear with a commutator, getting:
Dr(x —y) = 0(z" = y°){0] [+ (x), 9— ()] [0) + O(y° — 2°){0] [+ (y), - ()] [0)

Now the objects inside the vacuum expectation value are c-numbers, so we can drop the
expectation value altogether, getting:

Dp(z —y) = 0(2° — y°) [0+ (x), o- ()] + 0(y° — 2°) [0+ (), ¢ ()]

As we will see, the Feynman propagator and the concept of time-ordering are fundamental
in Quantum Field Theory.

1.8 Actions and field equations

Let us now study some basic properties of the Klein-Gordon equation and the Lagrangian
from which it is obtained. Our considerations will be classical for a while. The Klein-Gordon
equation is:

(0,0 +m?)p =0

This can be thought of as a variational equation obtained from the action:

S = / dx (%amaﬂ(p — %m%ﬁ)

08
To show this, we must calculate 5o0y) which is a functional derivative. For this, the basic
Y
relation is: 56(2)
x
=5z —y
39(y) &=3)

which can be understood as an extension to the continuous case of the differentiation rule
for variables depending on a discrete index, namely:

5l‘i

537]' J

where the RHS is the Kronecker delta.
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Applying the functional derivative rule we find:

0S8 4 mot e — ) — m2o(x)0* (z —
5o /d z [0,0(x)0"0* (x — ) $()d*(x — y)]
B / d'z [<0,0"¢(x) — m*¢(x)] ' (x — y)
= —(8,0"(y) + m*6(y))
Thus the equation of motion is:
0S

WZO = (0,0" +m%)e(y) =0

which is the free Klein-Gordon equation as desired.

We will later encounter more general actions, which will always be integrals over space-time
of a local Lagrangian density depending on ¢ and (usually) first derivatives of ¢:

S = / d*z L(¢,0,9)

It is a straightforward exercise to show that in terms of the Lagrangian density, the variational
equation 65/d¢(x) = 0 is equivalent to:

5 oL oL
10(0ud(x)) ()

To generalise the Klein-Gordon Lagrangian to a complex field ¢, we simply write:
5(6.07) = [ d's (0,6°0" —m*o70)
whose equations of motion are:

(0,0" +m?)¢g = (8,0" + m*)p* = 0.

=0

as desired. Note that when a field is complex, we vary ¢ and ¢* independently.

Given a Lagrangian density £, the Hamiltonian density is defined by first defining the canon-
ical momentum conjugate to the field variable ¢:

oL

and then writing
H=m(x)p(x) — L

and finally eliminating ¢ in favour of .

For the Klein-Gordon case we easily find that 7 = ¢ and

_12 1* 2 122
H—27T +2(V¢)+2m¢
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1.9 Interactions

To introduce interactions, we must add terms to the Lagrangian of Klein-Gordon theory
which are of higher than quadratic power in the field ¢. The resulting field equations will
then be nonlinear.

Thus, consider:
1 1
L = 50u00" — Sm*6* — V(9)

where V' (¢) is some function (with powers higher than quadratic) of ¢, called the “potential”.
Note that it is a potential in field space, not a potential V(z) in ordinary space.

With this, the Hamiltonian density is
1 1

. 1
H= 57r2 + §(V¢)2 + §m2¢2 +V(¢)

What is a reasonable choice for V' (¢)? Let us take a fourth order polynomial:
V(9) =a+bp +co® +d¢’ + e’

We will see later that scalar field theories with higher than four powers of ¢ are “non-
renormalisable” and therefore inconsistent.

In this potential the constant term is irrelevant for physics so we drop it. The linear term
can removed by shifting ¢. The quadratic term just modifies the value of m? so we can
ignore it. That leaves the cubic and quartic term. It is common to take just the quartic
term, i.e. set a = b= c = d = 0. Conventionally the potential is then written as:

Ay

V(p) = ]

The corresponding equation of motion is:
A
(0,0" +m*)¢p + §¢3 =0

To study the resulting quantum theory, we are going to assume that the effect of interactions
is small and answers can be expressed as a power series in A, with A = 0 giving the usual
“free” answers that we have already obtained.

The Hamiltonian of the interacting theory can be written:

1 1 - 1 A
_ 3 (L 2 1 2 L 9.9 1
H_/dx<27r+2(V¢)+2m¢+4!¢)

= HO + Hint
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A
where Hiy, = o /d?’x o).

We already know how to treat Hy. We showed that Hy could be converted into:

d*k o
Hy = / W(ﬂg a%a,;, [a]g’a%] — (271.)353(]{: _ k‘,)

with |0) defined by ag|0) = 0 for all k.

Now we can write [ d*z ¢(z)* in terms of ag, al% and therefore

H= / %w,;a%a,;+ Hing
where Hiy is a function of a*, a'a?, a™a?, aa, a™. It is clear that generically, Hiy|0) # 0.
The state 2 of minimum energy, or the “true vacuum”

(Ho + Hine)|€2) = minimum

is therefore very complicated and cannot be calculated exactly. However, in terms of this
state we know what we would like to compute: the probability for a particle to propagate
from one point to another at a later time in the true vacuum of the interacting theory:

QT (o(2)o(y)) [0

We will now see how to “expand” |2) and ¢(z) in terms of their free versions |0), ¢o(z). We
have already encountered the definitions:

€)= (Ho+ Hin)[2) = Eo|Q2)
where Fj is the lowest energy eigenvalue of Hy + Hiy.

Similarly, given a field configuration ¢(0,Z) at time 0, the free field ¢o(¢, Z) is the one that
evolves via Hy, while the full ¢(¢, ) evolves via H:

Golt, ) = @M H(0,7) e
Ot,7) = M (0, 7) e

We worked out the time dependence of ¢y(t,Z) when we studied free fields. What we now
need is the time evolution of the full ¢(¢, &), which is not simple due to the interactions. We
have:

o(t,7) = eM(0,7)e M

eth e—iHot ¢0(t, f) eiHot e—th
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iHt _—iHgt ‘(HfHo)t

Now since [H, Hy] # 0, we cannot write e"'* e as e’ iHing

=e
To overcome this problem, define the operator

U(t) = eiHote—th
Then:

We would now like to express U(t) purely in terms of Hi,. To do this, we use the trick of
first obtaining a differential equation for U(t):

Lt
= ity i

= _jeitotpy,  miMlot itlot —iMlt
= —iH (t)U(t)

where we have defined:

H[(t) — eiHotHint e*iHot

called the “interaction-picture Hamiltonian”. Note that this Hamiltonian is constructed in
terms of the field ¢g, which is sometimes known as the “interaction picture field”.

The differential equation we have derived:

is like a time-dependent Schrédinger equation (with a time-dependent Hamiltonian) for U!
We can write a formal solution for it as:

Ult)=T {e—z‘ I dt’mm}

where 7' is our friend the “time-ordering” symbol. Without it, the exponential would not be
a solution because H(t1) and Hy(tz) do not commute. The 7" symbol makes sure that when
we differentiate, we pull out an H;(t) at the left-most point as desired.

Now consider the state |Q2) defined by (Ho + Hint)|S2) = Eo|S?) where Ej is the minimum
eigenvalue of H = Hy + Hiy. We would like to find a relation between |€2) and |0). For this,
note that if |n) are the eigenstates of the full Hamiltonian H and FE,, are the corresponding
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eigenvalues, then:
) = 3 e ) (nl0)

= e PIONQI0) + > e |n)(n]0)
n#0

= e (IQ><QIO> + Y e E ) <n|0>>

n#0
We can remove the contribution of all terms except the first one by taking a limit ¢ — oo
keeping a slightly negative imaginary part. Thus,
lim e T0) =  lim e “PT|Q)(Q[0)
T—oo(1—i¢€) T—oo(1—ie€)
We assume the right hand side above is nonzero, i.e. that the true vacuum [2) has some
overlap with the free vacuum |0).

Hence we find that: ,
leT|O>

e
Q)= 1 —_—
)=, lim e—iBoT (0] 0)

We can temporarily forget the normalising factor on the RHS and restore it later. Then the

RHS can be written in terms of U(T"). Because Hy|0) = 0, we can write:

efiHT‘O> — efiHTeiHoT‘O> — UT(_T)|0>

Therefore
Q) ~ i f(~T
@~ lm UED0
upto a normalisation.
Similarly, by starting with
<O| efiH t

and performing the analogous manipulations, one can show that:

Q| ~ lim  (0|U(T)

T—o0(1—ie€)
We will restore the normalisation by simply dividing the final answer by (£2|Q2).
Recalling that ¢(x) = U(2°)T¢o(2)U(2°) and é(y) = U(ye)Too(y)U(yo), and taking first

20 > 0, we write:

(Qlo(@)o@y)In ~ | Tim  (O[U(T) U (2°)¢o()U (2”) U(y°) o (y)U (4°) UT(=T)|0)

T—oo(1—ie
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Now use: .
U(T)UT(xO) - T (e_ifzo Hz(t/)dt/)

which holds because T is a much later time than 2° (at the end we will take T' — o0). Indeed
all fields are in time order, so we can write the RHS above as:

lim (07 (U(T) UH(a)60()U(a) U (") d0(y)U (4°) U (=T ) 0)

T—o00(1—i€)

If we started with 2° > 9%, we would get exactly the same result, since the RHS has time-
ordering built into it.

Therefore we have shown that:

QT (6(@)o() 1) = lim (O (U(T) U (2)o(2)U(2°) U 60(y)U(y") U'(~T) ) |0)

T—o0(1—i€)

Inside the time ordering we can move around operators as we like. Therefore we can write

the RHS as:

lim (O[T (60(2)o0(n)U(T)U' (2°)U ()0 () U ()U" (~T) ) 0)

T—o0(1—i€)

= lim (07 (éo(2)o(y)U(T)U(=T)) 0)

T—o0(1—i€)

Now
UTUN(-T) = T ( I dt’fw) T ( faTdt/Hm)
A (e—i Ir, dt’HI(t’))
So, after restoring the normalisation, we have finally arrived at a result of great importance:

QT E@ow)le) O (@) ) [0
(QIQ) T (1-ie) 0|7 <e’ - dt/Hz(t/)> 10)

It is easy to convince oneself that this result generalises to a product of any number of fields.

1.10 Wick’s theorem
Having deriving the general result:

QT (¢(z1) -+ b)) | . (o|r <¢0(x1)...¢O(xn)e—if_TTH1dt> 10)
Q) T Too(1—ie) <0‘e—if_TT szt‘0>
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we now need some rules to manipulate the RHS. This is made up entirely out of free fields.
Therefore we essentially need a rule to compute:

(0T (¢o(1) - - - do(xm)) |0)
for all possible m, in free field theory.

In deriving these rules we temporarily go back to free field theory and drop the “0” index
on ¢. The rule we are trying to derive is called “Wick’s theorem”.

Let us now define the concept of “normal ordering”. This puts creation operators to the
left and annihilation operators to the right. In terms of ¢, this just puts ¢, to the right
of ¢_. The key property of normal ordered products is that their vacuum expectation value
vanishes.

Wick’s theorem is a relation between time ordering and normal ordering. We now derive it
for a few special cases and then state the general result without proof.

We start by considering the time-ordered product of two fields:
T (dp(x1)d(x2)) = O(t1 — ta)p(x1)P(22) + 0(l2 — t1)P(z2) (1)

= 0(t1 —t) (¢+(1’1)¢+(1’2) + ¢y (21)d(22) + o (71) 94 (22) + ¢7(1’1)¢7(5€2)>

+0(ts = 11) (64 (22)01 (21) + 01 (226 (1) + 6 (22)64 (1) + 6 (22)0—(21))
= ¢ (21)04(72) + O_(21)P_(22)
0t = ) (64 (2)0- (22) + 0 (21)6+ (12))

00 — 1) (64 (22)0-(21) + 0 (22)6+ (1))

On the other hand, the normal ordered product of the two fields is:

1p(1) p(x2): = Py (21)94(22) + O (1) P4 (22) + O (22) (1) + O (1) (2)
Thus:

T(p(x1)p(x2)) — p(x1)d(w2): = O(tr — b2)(d4+(21)P—(22) + O (1) P+ (22))
+ 0(t2 = 11) (04 (22)9— (1) + ¢ (2) P4 (21))
—(0(t1 — t2) + 0(t2 — t1)) [0 (21) P (22) + O (22) P4 (21)]
= 0(t1 — t2)[¢+(21), o (2)] + O(t2 — 11)[¢+ (22), o (21)]
= (0[T(¢(z1)d(2))[0)
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where the last equality was shown when we discussed the Feynman propagator.
Thus we have shown that:

T(¢(x1)d(w2)) = = d(1)P(2) : + (0T (¢(21)b(22))]0)

This is the first example of Wick’s theorem. If we take the vacuum expectation value
on both sides, we get a trivial identity because the vev of the normal ordered term van-
ishes. The content of the theorem becomes nontrivial if we look at higher point functions
T(p(x1) - - p(xy,)), n > 2. Applying the same steps as above to the four-point function, and
using the shorthand notation ¢; = ¢(x;), we find:

T(p1020301) = 1020304

+ 101021 (O[T (¢304)|0)+ : d1¢3: (0|7 ($2604)[0)+ : Pr1ba: (0| T (2¢3)[0)

+ 102031 (0[T'(¢104)|0)+ : 92041 (0|7 (P1603)|0)+ : P3ha: (O] T (01¢2)[0)

+{0|T (¢162)|0) (O[T (¢3¢4)[0) + (O[T (¢193)|0) (0| T (h2604)|0)
+(O0IT(4164)|0) (O[T (¢2¢3)|0)

This time we get a nontrivial result by taking the vev on both sides:
(O[T (¢10203¢4)[0) = (O[T (P1602)|0) (O[T (P3604)|0) + (O|T(163)[0) (0| (h2604)|0)
+ (0|7 (¢1¢4)[0)(O|T (¢263)|0)

= Dr(212)Dr(34) + Dp(213)Dp(224) + Dp(214) Dp(223)

where we have introduced the shorthand z;; = x; — x;. This reduces the calculation of
four-point functions to products of pairs of Feynman propagators in all possible ways.

The above result is easily extended to all even-point functions in free field theory, which
reduce to products of two-point functions in all possible distinct ways. The total number of
possible “two-point” contractions among 2n points is easily seen to be (2n — 1)!! = (2n —
1)(2n—3) - - -. For the 4-point function we have 3 independent contractions, as above, while
for the 6-point function we would get 15 independent contractions. Odd n-point functions
vanish.

1.11 Interactions via Wick’s theorem

Now we turn to the interacting theory. The new feature is that we encounter fields coming
from expanding the exponential of H;. Thus, consider for example the leading correction to

A
the propagator in the theory with H;, = o / .
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We find (QT(¢(x1)¢(x2))[€2)

= O (@(e)o(ax))0) ~ i3y [ ' O1T(@()o(e )]0

The second term is a 6-point function, which we certainly know how to compute using Wick’s
theorem. The new feature is that four of the fields are at the same space-time point, and
there is an integral over all possible locations of that point.

Wick’s theorem applied to this 6-point function gives:

<0|T(¢(x1)¢(x2)¢4(y))|0> = 3Dp(z1 —22) Dr(y —y) Dr(y — v)
+ 12 Dp(21 — y) Dp(x2 —y) De(y — y)

Diagrammatically we can represent this by:

In this diagram the points x; and x5 are labelled by “1” and “2”. Each line represents a
Feynman propagator from the starting point to the end-point of the line. Since we are work-
ing to first order in the interaction, the first term in the expansion of e~/ 1 is represented
by a single four-point vertex. In general the number of four-point vertices in the diagram
counts the order of perturbation theory. Such diagrams with vertices and lines, depicting
the possible terms arising from Wick contraction in perturbation theory, are called Feynman
diagrams.

We see a variety of potential problems with this result. For the second term, corresponding
to the connected diagram, we get a factor of Dp(y — y) = Dp(0). Now,
4 /Z:
Dp(0) = [ d'p m
which is divergent. The divergence comes from the region of large |p], so it is an ultraviolet
divergence.
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However, in the first term, which diagrammatically corresponds to a loop disconnected from
the freely propagating particle, the integrand is y-independent! This integral therefore ap-
pears to give a divergence proportional to the volume of space-time. This is multiplied by a
factor (Dr(0))? which as we have seen above is also divergent.

In general we should always imagine cutting off ultraviolet divergences using a large momen-
tum cutoff, |p] < A. This is called a UV cutoff. For the volume divergence we can put the
system in a finite box in space-time, which is called an IR cutoff. The problem is then how
to remove the cutoffs. We will return to this later.

Fortunately we can easily dispose of the problem of disconnected diagrams. The “figure of
8” diagram above seems rather unphysical, after all: a virtual interaction takes place at an
arbitrary point y while the external particle propagates freely from z; to x,. In fact, this
term is cancelled by a similar term coming from the denominator, where we have to expand:

B i
O|T (e~ /)0y =1 - 30 d*y Dr(y — y)Dr(y —y) + - -

Thus we have, to order A,

(QUT (o(2)9(y))|2)
(1) | |
Dp(x1 — 22)(1 = 32 [d*y Dr(0)?) — 122 [d*y Dp(0)Dp(zy — y)Dp(x2 —y) + - - -
1-3% [dy Dp(0)2+---
= Dp(zy — x2) (1 =32 [d*y Dp(0)%) (1 + 3% [d*y Dp(0)?)

— 125 [d'y Dp(x1 — y) Dp(x2 —y) De(0) + O(N?)

Since we are working to order A\, we see that:
(1 =38 [d'y Dp(0)*) (1+ 3% [d*y Dp(0)*) =1+ O(X?)

and the disconnected part has cancelled! This is an example of a general phenomenon. All
disconnected diagrams can be shown to be cancelled by denominator contributions. More-
over this uses up all denominator contributions, so we can consistently ignore disconnected
diagrams as well as denominators.

Therefore, to calculate any correlation function:

(OIT (¢(x1)@(22) - - - d(20)) |0)

we only need to keep connected diagrams, by which we mean all parts of the diagram are
connected to at least one of the external legs xy, o, - ,z, (there is another meaning of
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“connected” in which the diagram is required to have all points connected to each other.
This may arise in later discussions).

As an example, the connected diagrams for the four-point function:

(OIT (¢(x1)d(w2) P (3)B(24)) |0)

are given to order A by:

|

|
\

L3

N

et

\

4—-Q_.j‘" A e, A 4 4 - 1
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1.12 Momentum space

Feynman diagrams are shorthand symbols for numbers depending on external positions as
well as the coupling constant A\ and mass m. But in practice we rarely produce particles
at fixed positions. Instead they are produced at fixed momenta so that they can scatter.
Therefore it is more appropriate to consider the Fourier transform of the position space n-
point function that we have studied up to now. In fact we will see that momentum space is
more natural and simpler than position space.

We have seen that some diagrams give divergent answers. Among other things we will show
in what follows, using momentum space, that only diagrams with closed loops can have UV
divergences.

Define:



which is the Fourier transform of the Feynman propagator by virtue of the relation:

Deta =) = [ cgDe(hye e

Now consider the diagram:

3 %
v %=

This can be evaluated as:

—iA/d4yDF(:cl —y)Dp(22 —y)Dp(23 — y)Dp(24 — y)

4 dk 1
= —ix [ d* ‘ =130, ki (zi—y)
Z / yg(/<2w>4<k3—m2+ie>)e

The integral over y is:

/ d'y ek = om)'e (Yo k)
Thus the above expression is equal to:
d*k; 1 " ,
o N oD ki
M/H( m2+26)(27r) (5(;]@)6

Thus the contribution of this diagram to G(z1,--- ,x4) = (QT(P(x1) - - - d(x4))|S2) is

d/{: i Sk ( 27T45<Zk> (K, - s ka)

where:
5 4 1
G(ky, -+ ky) = —iA —_—
( 1, ) 4) g kZQ — m2 iy
We refer to é’(k:l, -+, ky) as the “momentum space correlation function” although it is not

G(ky,--- , ky) but rather (27)%6(Xk;)G(ky, - - - , ky) that is the Fourier transform of G(z - - - z4).
An overall momentum-conserving delta-function occurs automatically for every Feynman di-
agram.
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In fact, the above diagram could occur as part of a Feynman diagram, so we actually find a
momentum-conserving d-function at each vertex of a Feynman diagram.

Now, apart from the combinatoric factors (which are the same as in position space) we can
describe momentum-space Feynman diagrams by giving each leg an independent momentum,

then assigning a propagator
1

k2 —m? + e

to each line, putting in a momentum-conserving J-function at each vertex and then inte-

DF(k) =

grating over each momentum except the ones directly connected to external points. All
momenta should have arrows describing their orientation. The arrows are arbitrary but
must be assigned once and for all at the start. The signs of the momenta appearing in
momentum-conserving d-functions will be determined by these arrows.

Example: Consider a particular one-loop correction to the four-point function:

N

{:: Qf_h\“_—rK_ o

G
Ny ks W
)

We must integrate over ks, kg as these are not any of the external momenta. Now we have
the d-functions:
64 (ky + ks + ks — ke) 6* (ko + kg + kg — ks5)

A ¢-function contributes only when its argument vanishes, so we can substitute the vanishing
of the argument of the second d-function into the first é-function, to get:

= 6*(ky + kg + ks + ky) 0% (kg 4 by + kg — k3)

As expected, there is the overall J-function that conserves external momenta. The other one
fixes, say, kg in terms of k5 and external momenta, so we can write kg = ks — ko — k4 and
forget the d*kg integration. That leaves only an integral over ks.

In this way it is easy to see that there is one momentum integral for every closed loop.
The physical interpretation is that there is a “virtual particle” circulating in the loop. This
particle does not need to satisfy k2 = m?, nor does it need to have a positive value for £°.
However, external momenta should satisfy k? = m? and this property is referred to as being
“on-shell”. Internal momenta such as loop momenta, by contrast, are “off-shell”.
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A puzzle here is that if the external momenta k1, - - - , k4 are placed on-shell then the external
propagators all diverge. Therefore temporarily we will allow even external momenta to be
off-shell. Keeping the external legs of correlation functions off-shell can be very useful to
develop recursive formulae among them. When we connect the n-point function to physically
measured quantities, specifically the scattering matrix or S-matrix, we will show that external
propagators should be dropped and then the external momenta put on-shell.

Returning to the diagram we drew above, the corresponding loop integral is:

d*k ) )
24 k2 —m2 (k — ko — k9)2 — m?
(2m)

We see that as k — oo, the numerator and denominator both scale like |k|*. Thus the
integral is logarithmically divergent in the ultraviolet. We will discuss how to deal with such
divergent integrals at a later stage.
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2 Vector fields

2.1 Definition of vector field

A Lorentz transformation acts on space-time coordinates as:
at — g = A ¥
The matrix A satisfies:

NN s = g, NN =

Suppose we now consider a field A*(x) which transforms in the same way:
A(al) = A%, A% (z)

Such a field would be called a vector field rather than a scalar field. If we lower the index of
this field via:
Ap(@) = 1 A” ()

then we find that it transforms as:
A(2)) = 0ua A(2)) = 0uaAAY (1) = 0w AP Ag(x) = (A1) P Ag()
where we have used the result:

N1 = (ATT),7

which is straightforward to prove and is left as an exercise.
If we are given a scalar field ¢(x), then d,¢(x) provides an example of a vector field:
_ —1T\ v
0,0/(a') = (A17),10,6()

However our main interest is to consider vector fields A, that are fundamental and not
necessarily of the form 9,¢ for some scalar field.

2.2 Lagrangian for vector fields

What sort of Lagrangian can we write for such a field? By analogy with Klein-Gordon theory
we might guess:

1 v
L= 0,4,

35



whose equation of motion is:

9,0"A, =0

In this case, A, (v =0,1,2,3) behaves like 4 copies of a Klein-Gordon field (we will return
to the possibility of mass terms later).

However, this immediately leads to a problem. The canonical formalism gives

_ 0L
5A,

i A*

Then the canonical commutator should be

This in turn means that

[AL(t, %), A (t, 7)) = in, 63 — &)

T

i satisfying

which leads to oscillators a5 @

This means

while
3 3 — —
[a, 7@ o) = =0i;(2m)°8° (k — &)
Thus three of the four oscillators seem to have an unconventional — sign in their commutator!

We would be better off taking a — sign in the original canonical commutator. This can be
achieved by flipping the Lagrangian to

1 v
L= —50,A,0"A
1 I3 1 I
= —aaﬂAoa AO —+ 5@1426 Az

Now 7 = —A# and
[Au(f), A, ()] = —inwég(f —7)

which in turn means that

(@, 0! ) = = (27)°6(k — &)
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Now the space-like oscillators have the correct sign, however for the time-like oscillator we
find:
3¢3(1 10
ag .0l 5] = —(2m)8*(F — F)
An oscillator with a minus sign in its commutator is very badly behaved. To see this, consider
the state:
T
a, -|0)

Its norm is given by

<0‘%,E a;,;,‘m = <0H%7/$7 a;];,HO) = —(271')353(/{? — /;')

which means that this is a negative norm state. This leads to negative probabilities and a
physically meaningless theory.

We conclude that the Lagrangian above is wrong. In the process, we see that copying the
Klein-Gordon Lagrangian for a field with vector indices simply cannot work. The reason is
that a Lorentz covariant commutation relation inevitably involves 7,,, and somewhere there
is bound to be a negative sign.

Recall that Maxwell’s equations, abstracted from experimental observations, are:
o*(0,A, —0,A,) =0
which can be more compactly written:
o"F,, =0 where F,, =0,A, —0,A,

Notice that F),, = —F,,.

The above equations of motion come from the Lagrangian:

L= —(0uA DA — A

1 1
= —58“141,8“14” + 5@14,,8”14“
1

= g 0

In the second line, the first term is what we had tried without success but now there is a
second term with a different arrangement of indices. Does this Lagrangian manage to avoid
the problem of negative norm states?

Right away we see an encouraging sign that the problem of negative-norm states might be
absent. When we compute canonical momenta, we find:

oL

T = L — O
5A,
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By antisymmetry F° = 0, so we have 7 = 0. Thus the potentially troublesome commutator
is absent. In fact there is no canonical commutation relation for Ay! It turns out that, for
this reason, Ag is not a dynamical variable at all.

To understand the source of this unusual property, we note that the Lagrangian of electro-
dynamics is unchanged under the transformation:

A, — A+ 0\ (2)

for an arbitrary function A\(z). This is called a gauge transformation. To demonstrate the
invariance, simply note that under the transformation,

F. — 0,A, + 0,0\ —0,A, — 0,0\ =F,,
so [, is gauge invariant and consequently so is any Lagrangian made out of it.

Gauge invariance means that the space of gauge field configurations is “degenerate”. Any
configuration A,(x) and another one A,(x) + J,A(z) have the same Lagrangian. And this
is not just a finite parameter degeneracy but an infinite parameter one, parametrised by the
whole function A(z).

The physical interpretation for this is that the configurations A,, A, + 0,\ are physically
equivalent. This means that the theory has less physical content than it originally seems. In
fact we can simplify it down to its physical degrees of freedom, but at the cost of manifest
Lorentz invariance.

Gauge invariance seems like a complicated and undesirable feature because it introduces a
redundancy in the field configurations. However it is necessary in order to reconcile Lorentz
invariance with unitarity (the fact that all physical states have positive norm). Note that
with gauge invariance, there is no longer the possibility of adding a mass term m? A, A* to
this theory. Such a term would violate gauge invariance and ultimately bring back negative-
norm states.

As a matter of terminology, we remark that vector fields with gauge invariance are often
referred to as “gauge fields”. The simple type of gauge invariance discussed here, where A,
is a single field and \(x) is a single function, has the property that the gauge transforma-
tions commute with each other. Indeed, under two successive gauge transformations with
parameters \;(z), A2(x), we have:

Ay = (A + M) + 0uds = (Ay + 0udo) + 9

Therefore it is referred to as “Abelian gauge invariance”. Later we will discuss a generali-
sation called “non-Abelian gauge invariance” in which two different gauge transformations
will not commute with each other. Both types of gauge invariance are relevant in nature.
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2.3 Coulomb gauge

We now discuss ways to “fix” the gauge invariance. In this way the physical content of the
theory gets revealed. We start by choosing a gauge called Coulomb gauge. For this, given
any configuration A, (¢, ¥), start by choosing a gauge parameter:

t
At, ©) = —/ Ao(t', 7)) dt!
Under a gauge transformation with this parameter we see that:
Ay — Ao+ 00X =0

In this way we can make Ay disappear from the theory altogether. We see that it was a
“gauge artifact”, rather than a physical configuration to be quantised.

Now let us perform a further gauge transformation involving A(Z) that is independent of
time. For such A, we have:

Ay — Ao+ 0pA(@) =0
A — A+ OND)

So the Ay = 0 condition is preserved. We see that there remains a redundancy in the A;.
Next consider the equations of motion: 0" F),, = 0. If we set the free index v to be 0, we get:
0'Fy =0

Since we have set Ay = 0, this implies
Do(0"A;) =0
so we see that the spatial divergence of A; is time independent.
If instead we set v = j in the equation of motion, we find:
O Fy;+0'F; =0

and therefore:

D0 A; + 0'(9,A; — 9;A;) =0

Without the last term, this equation is quite simple, namely a Klein-Gordon equation for
the three oscillators A;. To remove the last term we notice that:
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Therefore if we choose A(Z) to solve the Poisson equation
DO\ = —0’A;
then making a gauge transformation with this A\, we find:
DA — 0"Ai+ 90N =0
Importantly, once we have set 9*A; = 0 in this way, the Ay equation of motion 9y(9°A;) = 0
guarantees that 9°A4; remains 0 for all time.

Now the equations of motion simplify to:
DAj - 0
with the constraint 6/ A; = 0.

The free vector field theory no longer looks like four copies of the Klein-Gordon field, but
like three copies with one constraint. Since we eliminated A, using gauge transformations,
it is clear that there are no negative norm states. The remaining fields A; can be canonically
quantised in terms of oscillators, all of which have positive norm.

The constraint reduces the physical Hilbert space built out of the oscillators to that generated
by only two independent oscillators.

The spin of the particle associated to a vector field A, is 1 in units of A. This can be
demonstrated formally by constructing the angular momentum operator and acting with
it on a one-particle state created by this field. Since a one-particle state cannot carry
orbital angular momentum, whatever angular momentum we find in this way must necessarily
correspond to the spin.

Thus the particle associated to the Abelian gauge field is a massless spin-1 particle. This
is identified with the photon. The two independent oscillators surviving after we gauge-fix
and impose constraints are associated with the two transverse polarisations of the photon.

2.4 Lorentz gauge

Let us briefly consider another method of gauge-fixing. Suppose we do not want to break
manifest Lorentz invariance (which happens in the Coulomb gauge Ay = 0, 9°A; = 0). A
simple covariant gauge condition is 0" A,(z) = 0, called the Lorentz gauge. In this gauge,
the Lagrangian becomes:

L= —%(@AU)Q - —%(@AOP + %@Aia“Ai
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So A; behave like three massless Klein-Gordon fields. But in this gauge there is also Ag to
worry about. In fact, now it has a canonical momentum! We see that:

o_ 0L _
04,

We will treat this field along with the three others as a valid dynamical variable even though

— A

™

it gives negative-norm states. At the end, the constraint 0" A,, will be seen to eliminate these
states.

The equation of motion reduces in this gauge to:
0"o,A, =0

As usual, we must check what residual gauge invariance is present after fixing 0*A, = 0.
Sending A, — A, + 9, A, we see that this preserves the gauge if 0"9,A = 0. This is just the
equation of motion of a free massless scalar field.

The situation simplifies considerably in momentum space. Let A, (k) be the Fourier trans-
form of A, (x). The gauge condition becomes k*A, (k) = 0, and the residual gauge invariance
becomes

Au(k) — Au(k) + k()
where ) is any function of k, subject to the condition that k“kuﬂ(k:) = 0. Therefore we must
restrict to k, satisfying k*k, = 0, which is the on-shell condition for a massless particle.

Thus we see that the Lorentz gauge has two features:

(i) a condition: k*A,(k) ~ 0

(i) a redundancy: A, (k) ~ A, (k) + k (k)

where the ~ symbol means the configurations A, (k) and A, (k) + k‘uj\(k) are identified.

The above features guarantee that two of the four possible polarisations decouple from the
theory. To see this, consider one-particle states in the free theory. and write:

hed d3k 1 —ik-x T ik-x

Imagine that a, 7, a' . are quantised as usual. Now consider the four states aL E|O> and take

ok L
the most general linear combination:

p, T
§ au7,;|0>
The gauge conditions are:

k“amm ~ 0
al 0y ~ aL7E|0)+ku)\,;|0)

wk
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where A\ is a mode of .

Now choose a Lorentz frame in which k, = k(1,0,0,1). Then k* = k(1,0,0,—1) and the
first condition gives:
T T
a07,g|0> ~ a37,g|0>

where again ~ means we identify the two states.

The second gives:
Fhu=0 = L+ =0

Therefore the states we are considering become
¢al [0) +¢'al ]0) + &%al _|0) + &%l J0) = @(M4m—aﬂm»+fMVmw+€d4m
0,k Lk 2,k 3,k 0,k 3,k 1k 2,k
el 2
§ a17,g|0> +¢ a27,g|0>
since a' -|0) — a! .|0) ~ 0.
0,k 3,k
This leaves behind the two linearly independent states
T T
a17E|O>7 a27];f|0>
describing a transverse photon.

The new thing is that the gauge condition did not break Lorentz invariance. Only in im-
plementing it did we choose a Lorentz frame for k,. This fits with our intuitive picture of a
light ray that it oscillates transverse to its direction of propagation.

2.5 Scalar electrodynamics

Now let us consider coupling gauge fields A, to complex scalars ¢, ¢*. First recall that for
complex scalars, a typical Lagrangian would be:

* * >\ *
L= 0,6"0"6 —m*$'6 — = (6"6)"
The corresponding equations of motion are:

A
0+ mi + §¢*¢2 = 0

A
0, 9" + mPe* + gqﬁ P = 0
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Notice that this Lagrangian is invariant under
o) — e(x)
¢*(x) — e ¢ ()

but only as long as « is constant. The infinitesimal version of the above transformation,
assuming « to be small and keeping only the lowest order term, can be written:

60(z) = iag(z), 69 (x) = —iag"(z)
Transformations with constant parameters are called global symmetries.

Related to the above fact, this theory has a current that is conserved due to the equations of
motion. A current is simply any 4-vector made out of fields and their derivatives. Conserved
currents are associated to symmetries of the Lagrangian. The relevant current here turns
out to be?:

ju =1 (Cb* ,u(b - (ba,u(b*)

To show that it is conserved, we compute its 4-divergence:
oMy, = i(0M9*0,0+ ¢*0"0,p — 0P 09" — ¢ 0"0,0")
. 2 g x A *2 12 2 1* A *2 42
— i (—miere - 500 4 migTe + 56007 ) =0
To this current is associated a conserved charge:

Q= [@ejn=i [ @r@é- o)

We now show that this charge treated as an operator (and multiplied by the parameter a)
generates the same symmetry transformation via the canonical commutation relations. One
may think of e *9* as the generator of the symmetry transformation in much the same way
—iHt

as e generates time translations in quantum mechanics. Then the transformation of a

field under a finite symmetry transformation is:
QZ)(I‘) N eiiQagﬁ(fL‘) eiQa’ ¢*(:L,) N efiQagb* (x)eiQa’

The infinitesimal version of this is the change of ¢ to first order in «, which is easily seen to

be:

0p(x) = —ial@,o(z)] = iag(x)
6¢"(x) = —iaQ,¢"(z)] = —iag*(z)

2Tt can be derived using the Noether procedure.
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where we have used:
[0 (8, 2), 6(t, §)] = [6(t, 7), 6" (1, §)] = i6° (7 — §)

If we allow « to depend on x, which makes it a local transformation, the kinetic term in the
Lagrangian changes as follows:

0,0°0"d —  0u(e"¢*)0"(e"*9)
= 0,070"¢ —i0,a ¢*0"¢ + 10" 0,0" ¢ + 00 0" v 9™
Thus by itself the scalar field theory is not invariant under local transformations.

However we can now couple a gauge field A,(z) to the complex scalar field such that the
combined system has local (gauge) invariance. We simply make the replacement

g — (O, —1eA,)d

in the action, where e is an arbitrary constant which will turn out to be a coupling constant
of the theory. Then, under a gauge transformation that simultaneously acts as:

b(z) — *Do(z)
¢*(z) — e W (a)
Aula) = Au(x) + - B0(a)
one can easily check that:
(O —ieAu)d — (8, —ieA,)d
The generalised kinetic term:
(O +ieAy)¢" (0 — ieAy)d
is then gauge invariant, as are the potential terms that depend only on the scalar field.

After adding a kinetic term for the gauge field, the full theory with Lagrangian:
A 1
£ = (0 +ieA)d (0" — ied,)o = m20"d — 5(670)* = {Fu P
is a gauge theory coupled to (scalar) matter. It is called scalar electrodynamics.

Note that in the coupled theory, the original conserved current is coupled to the gauge field
by a coupling of the form:

~ e/d4xj“AM
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2.6 Feynman rules for scalar electrodynamics

We close this discussion by providing a summary of the Feynman rules for calculating cor-
relation functions in scalar electrodynamics. For this we need to separate the Lagrangian
into the “free” part which is treated exactly, and the “interacting” part which is treated in
perturbation theory. The free part consists of terms quadratic in the fields:

1
Lo = 0,0"0"dp —m’¢*¢p — ZFWF“"
while the interaction is everything else:

Lin = 1eAu (606 — 096°) + P A, A6'0 — S(6'0)

Now the free part gives rise to Feynman propagators for the different fields ¢, ¢*, A,. We
have:

OIT (¢"(x)o(y)) |0) = Dr(z —y)

which is similar to what we saw for real Klein-Gordon fields, except that for complex fields
the propagator connects ¢ to ¢*.

For the A, propagator things are more subtle because we must first fix the gauge. The
easiest gauge for this purpose is Lorentz gauge, for which as we have seen, we should replace
the gauge field kinetic term by:

-0, A, " A”

In this gauge the four components of A, behave like independent massless Klein-Gordon
fields but the time component has an opposite sign. Thus:

(OIT (Au(2)Ay(9)) [0) = =1 De(z — y)

m=0

When we draw Feynman diagrams we need to be careful with two points. One is that the
propagator for the scalar field comes with an arrow depicting the direction of charge flow.
The other is that the gauge field propagator needs a different symbol so we depict it with a
wavy line.

For the interaction Hamiltonian, we have:
. * * * A *
Hing = —Ling = —ieA, (9" 0" ¢ — ¢ I'¢") — 2 A, A"* ¢ + 6(¢ ¢)”

We notice that scalar electrodynamics has two coupling constants, e and A. There is a
familiar quartic self-coupling of ¢ with coefficient proportional to A, as well as a new quartic
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coupling —A, A*¢*¢ with a coefficient proportional to e*. Note that the sign of this term
is such that the interaction for the space components A; is positive as a sensible potential
should be. The potential for Ay is negative and therefore unbounded below but, as we have
seen earlier, Ay is not a propagating field so we anticipate that the gauge conditions will
remove any problem with that. Finally there is a cubic potential which is new and involves
derivatives. The three interaction vertices can be depicted as:

>

: 2
—iek,, — e N

Scalar electrodynamics describes the physics of an electrically charged spinless particle (and
its antiparticle) coupled to a photon. Since most particles in nature are spin—% fermions, we

will now move on to describe fermions and study electrodynamics further in that context.

46



3 Fermions

3.1 Lorentz algebra and Clifford algebra

Lorentz transformations are a set of three rotations (in the zy, yz and zz planes) and three
boosts (with respect to x, y and z). Just as rotations are implemented by three genera-
tors Jy, Jy, J., the Lorentz transformations can be implemented by means of six generators
labelled M*"” where M is antisymmetric in g and v. The correspondence is:

boost in x direction

N
M% — boost in y direction
M%  — boost in z direction
M?*  — rotation about z direction
M3 — rotation about y direction
M"Y — rotation about z direction

So in fact the last three are the same as the usual rotation generators J, J,, J..

Now we know that rotation generators obey commutation relations like:
[J s y] =J,

and cyclic (we use conventions where the generators are anti-Hermitian so there is no ¢ on
the RHS). In non-relativistic quantum mechanics, any specific particle state (wave-function)
transforms under rotations by some matrices which obey the above algebra. For example,
spin—% particles are transformed by the Pauli matrices:

b (01N 5 (0 =\ 5 (1 0
“‘(1 0)>7 =\ 0)7 7o -1

In the relativistic theory there must be an algebra of commutation relations among all the
M*™ which includes the rotation algebra but also specifies the commutators of boosts with
rotations and boosts with boosts. These commutation relations define the Lorentz algebra
and look as follows:

[ M. M)\P] - _ (77“)\ MVP 4 P MHEA — nHe MY — nw\ Mup)

As a simple exercise one can check that if we label M2 = —.J, and cyclic, then the above
commutator implies:

[J:L“v Jy] =J.
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Just as J,, Jy, J, are abstract rotation operators that are realised on spin—% fields through
Pauli matrices (and on spin-1 fields in a different way), the Lorentz generators M** can also
be thought of as abstract operators which are realised in different ways on different fields.
These different ways are called “representations”. The general action is given, in terms of
the matrix m*” defining the specified representation, as:

o3wWumt”

Here w,, are the parameters of the transformation, which specify the amount of rotation
and boost. This is analogous to the generators of time translations or gauge transformations
being exp(—iHt), exp(—iQA\) respectively.

We are already familiar with one representation of the M*”, called the “vector representa-
tion”. Suppose we take 4 x 4 matrices:

(V;w)aﬁ — nua(suﬁ o nuaéuﬁ

One can check that these satisfy the commutation relations of the Lorentz algebra. Because
each V# has a pair of vector indices, it acts on vector fields. The transformation is:

A(a) = (e%wWV““)“ﬁ AP(z) = (1%)°, A%(x)

Now we have the identity:
e%Wn (QW)T =7

which is precisely the defining relation of the usual Lorentz transformation matrix A. There-
fore we can write:

_ wy«

Aaﬁ - (en ) 8

and we recover the familiar Lorentz-transformation of vector fields:

A (') = A A° (z)

We have seen that a vector field carries 1 unit of spin. By allowing multiple space-time
indices, we can find more general fields called tensor fields that transform in more complicated
representations of the Lorentz algebra. Being built out of the vector representation, these
are associated to particles of various different integer spins.

However, experimentally it was determined long ago that the spin of an electron is % in units
of h. Therefore electrons, and more generally fermions, cannot be described by scalar, vector
or tensor fields. Are there any fields that carry spin % and if so, how do they transform under
Lorentz transformations?
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It turns out that mathematically there is an additional class of representations of the Lorentz
group, called spinor representations. These arise from the following theorem. Consider the
following algebra that is quite distinct from the Lorentz algebra:

{017} = 2
This is called the Clifford algebra.

A state that transforms under the Clifford algebra will be acted on by matrices +* that
satisfy:
(V) ab (Y )oe + (V) ab (¥ )be = 20" ac

or for short,

{77} =2
The reason we have introduced the Clifford algebra is that the v* provide a new representa-
tion of the Lorentz algebra, the spinor representation. This arises as follows. Let

5 = 20,7

Using the fact that y* satisfy the Clifford algebra, one can easily check that S*” satisfy the
Lorentz algebra:

[ SHY. S)\p] _ _Ww SYP 4 P SHA _ e SvA 77”)\ Sup]

The Clifford algebra is simpler than it looks. It simply says:
VY = At p#y
(")? = +1 p=0
e —1 ,LL = 17 27 3

Also, we have S** = 0 while for p # v, we simply find:

1
NN
51
From what we discussed above, a relativistic field that transforms in the spinor representation

of the Lorentz algebra will take the form 1, with the transformation law being:

1

v(a) = (B u,

To determine the range of values of a,b, called spinor indices, we need to determine the
dimension of the ~-matrices. For this, note first that the Pauli matrices ¢ themselves
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satisfy a Clifford algebra, but only with respect to space directions (hence we have §* rather
than 7" on the RHS):
{o", 09} = 26"

Our strategy will be to construct ~-matrices using tensor products of the Pauli matrices.

As an example consider o! ® o

00 0 —i
1 2 0 —ial o 00 —2 0
e _<wl 0 ) loi 0 o0
i 00 0

Tensor products satisfy the multiplication rule:
(A® B)(C® D) =AC ® BD

From this it is easy to see that the four 4 x 4 matrices:

o' ®o!

o' ®o?

ol @ o?

o’ @1
all mutually anticommute and all of them square to 1.

To make a set of y-matrices that obey the Clifford algebra, we simply need to multiply three
of them by i, for example:

P = olgot
o= ol @o?
2 = ol @
Vo= ictel

There are two important representations that we will discuss later on. All the representations
of interest to us are 4 x 4, which is the minimum allowed value. Therefore the fields that
transform under them will be 4-component fields.

The full y-matrix algebra is made up of the identity matrix 1 and all v* as well as their
products. There are altogether 16 independent matrices. A particularly useful matrix in this

set 1s:

15 =1y
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where the coefficient 7 has been introduced so that:

=, (15)* =1
The important identity:
Vs = ="
is easy to derive. In the representation listed above, we find that:
V=031
and can see explicitly that it verifies the above identities.

In terms of the above matrices, the y-matrix algebra consists of the 16 matrices:

]]'7 ,YM’ V5, 757M7 SHY
where as we have seen, S* = {[v*,~"].

It is easy to see that all other combinations of the y-matrices are linearly dependent on the
ones listed above. For example 755" can be re-expressed in terms of S, v#4"~4* can be
re-expressed in terms of 577 etc.

3.2 Spinor fields and Dirac equation

With the above results, we now define a spinor field ¥,(x), a = 1,2,3,4, as a field that
transforms as:

v
va) = (2w
a
under Lorentz transformations.

To write a field equation, we need to ask ourselves what could be the possible building blocks
of the equation. For a free field, the equation will be linear in the field v,. As before we
may then guess that each component of a spinor should satisfy a Klein-Gordon equation (of
second-order in derivatives).

However there is a new possibility with spinors and it turns out that nature makes use of it.
This possibility arises because the differential operator:

Vi Ou

when acting on a spinor, gives another quantity that also transforms as a spinor. In other

words, under
1
Y — ez

W)\ps)\pw
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one can show that: Ap
1
YO, — eiw)\PS YO

We will prove this below. Assuming it to be true for a moment, we see that the equation:
7“@&0 =0

is a Lorentz-covariant equation. We can easily generalise the equation by adding a mass
term:

(170 —m)Y =0
This clearly retains Lorentz covariance, and is called the free (massive) Dirac equation. A
commonly used terminology is to represent:

V0= P

One should remember that @ is not only a differential operator but also a matrix in spinor
space.

To prove the above result, note that v is a collection of constants, therefore under a Lorentz
transformation we have:

YO — ((eéw)\pV)"))V 0,,) (e%wAPSAPQ/f)
m
Equating this to the desired result:
lw,\ S)\p °w
ez kY )

tells us that the result will be true if 4* satisfies the identity:

Ao\ P A A
,lw)\vp ,lw)\SP lwASp vo__ M
(6 2 P e 2 P e2 P Yed = Vab
v ac db

Such an identity indeed holds. It is easy to check it at the level of infinitesimal transforma-
tions, for which we have:

LHS = (8" — %wAp(VAp)“,,) (6ac — %wApSQCP) (5db + %wApSC?l)p) Yo
v A
- 75&; - %WAP(VAP)MV’YQI) - %w)\psé\cp/ygb + %wkpsdé)/ysd
So the last three terms should add up to zero for any arbitrary w, in other words:

(V) s, + 5257517 - 215)’7511 =0
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This identity can be written in matrix notation as:
A A
" SY] = (V)Y
and this is easily verified using properties of the y-matrices.

To understand the Dirac equation better, we act on it with (—iv”9, —m) and find:
(=iv" 0y —m) (i 0 —m)y = (v" u’7ﬂ8u+m2)w = (%{’Vya’w}auau""mz)w = (8H8u+m2)w =0

Therefore if 1) satisfies the Dirac equation then each component of it also satisfies the Klein-
Gordon equation! However the reverse is not necessarily true: every solution of the Klein-
Gordon equation need not be a solution of the Dirac equation. In fact unlike the Klein-
Gordon equation, the Dirac equation relates different components of the four-component
spinor 1, to each other.

Since i7*0,, is complex in our chosen representation, the solutions of this equation must in
general be taken to be complex. However we will see that there is a particular representation,
the Majorana representation, in which 70, is real and so in that representation it makes
sense to consider real solutions.

3.3 Dirac Lagrangian

We now seek a Lagrangian whose variation gives rise to the free massive Dirac equation.
A free Lagrangian must be bilinear in fermions and Lorentz invariant. It is tempting to
contract the LHS of the Dirac equation, x, = (1v*0, — m)w, with another fermion 1,.
However 1, X, is not a Lorentz scalar. It is equal to:

@bawa_)(eéw,\pskp) " (&WAPSA”) "
ab ac

The first term in brackets is the transpose of the second, so it would only cancel the second
term in brackets if we had S*7 = —S*. Unfortunately this is not the case.

We might hope to improve things if we carry out complex conjugation of ¢,. Then the first
term depends on S*T but unfortunately this too is not equal to —S*. In fact,

(s¥)F = (")
= 10N
= —ib*. 7]
We already know that 70* = +% while 7” = —*, which implies that ST # —S.
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This suggests that the operation that reverses S should combine Hermitian conjugation with
something that treats 7° differently from the other ~-matrices. This operation, called “bar”,
is defined by :

,l/}a - ga = wgfyl())a
The corresponding operation on y-matrices is:

P =7
One easily shows that 7* = ~#, from which it follows that:

Sh = fyOS“”TfyO = —SH

It follows that for any two spinors 1, x, the combination

OX = YoXa
is Lorentz invariant.

Thus the general rule is that we always multiply a spinor by a barred spinor from the left in
order to get a Lorentz invariant. Thus it is clear that the Dirac action should be:

L= ’(E(i’y“@u - mW

which is a good Lorentz scalar. Since a lot of indices are implicit, just for once we write the
above expression explicitly:

wafyab (nybc mébc) wc

Since 1) is complex, in finding the equations of motion we can vary 1, 1! independently, to

get:
LN = (i, —m)y =0 = (iv*0, —m) =0
ot RANRG 7O
9 = Y(—ir" 9, —m) =0
50 iv" 0, —m) =

We can also exhibit the canonical momenta following from the Dirac equation:

- % -
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3.4 Weyl basis

An alternate basis of the y-matrices gives us some useful physical information about the

0 1

0o _ 1 _

7= 1®oc = ( 1 0)
) 0 o

Vo= ot ®o? = (_01 0)
) 0 o2

V' = ic*®o? = (_02 0)

, 0 o3
3 _ 3 2 _
v o= 1wt ®oT = (_03 0)

Again we can check explicitly, using the Pauli matrix algebra, that the above matrices form

nature of fermions.

a representation of the Clifford algebra. This is called the Weyl representation.

A key feature of the Weyl representation is that the matrix -5 is diagonal:
N3 1 2 3 0 1 2.2 2 - 3 3 -1 0
vs =i(1)’0 00" @ o o 00" =il ®ic® = -1 ®oc° = 0 1

In this representation we also have the following properties for the Lorentz generators S*:
g; 0
0 —o

.. . . . . .. . .. k
S9 = Lyiyd = L(io' @ 0°)(i0? @ 0°) = —1eTFot @ 1 = —Le* (a O)

SOi — %’}/O’Vi — %(11 ®01)<i0i®02) — —%O'i ®03 - _

N[

Similarly, when i # j we have:

0 oF

We see that in the Weyl representation the Lorentz generators S* are block diagonal. There-
fore the two upper components of a spinor never mix with the two lower components. This
shows that a 4-component spinor is a reducible representation of the Lorentz algebra.

To reduce the representation we simply define:

o= (i)

where each of ¥p, ¥ is a 2-component spinor. We see that:

(i) = ()
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The upper part ¢, corresponding to the negative eigenvalue of s, is called a “left-handed”

spinor, while the lower part corresponding to the positive eigenvalue of =5 is called “right-
handed”.

Now consider the action of a Lorentz transformation on a spinor:
1 2
% - (eiwuys ) wb
ab

Using the form of S in the Weyl representation, derived above, it is easy to show that:

A i A ko0
1 wro 0i 1 i wy [ O i _ijk o
swS" = weST + w8V = — U ) — e wy;
2%y 0: Wi 2 0 —ot 1 u\ g ok
1 [woio + 5€7%w;;0 0
0 —(,L)OZ'O'Z + %Ewkwij(fk

Let 0% = Z€7%w;;. These are the rotation parameters around the k-axis (k = 1,2, 3). Similarly
wo; = (3; are the boost parameters along i = 1,2, 3.

Recalling the definitions of the two-component spinors ¢y, ¥ g, we find that under Lorentz
transformations:

ol o
v — (1 — ﬁig — 291‘5) Y,
and 4 4
o' ot
Yp — (1 + ﬁi; — Zei?) (o

We learn the important fact that ¢, r transform the some way under rotations, but op-
positely under boosts.

In the Weyl representation, the LHS of the Dirac equation is:

= (g Ty O ()

So the Dirac equation becomes:
(0o + 0'0;)op —mipy, = 0
’l(a(] — ai@-)wL — m?/JR =0

Defining:
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the Dirac equation reduces to:

w0'0p —my, = 0

Wt o —myp = 0
Note that when m = 0, the two equations decouple. This is an extremely important property.
The left-handed and right-handed Weyl spinors are in fact parity conjugates of each other.
In the massless limit we see that the two types of spinors do not mix. It is therefore possible

to assign different quantum numbers (generalised charges) to left and right-handed spinors,
leading to a parity-violating theory. This is implemented in the Standard Model.

3.5 Majorana basis

One more interesting basis for the y-matrices is:
V= ol
M= ol @l
2 = ol @l
¥o= Pl

Note that here, all 4* are pure imaginary. This is called the Majorana basis. The benefit of
purely imaginary y-matrices is that the Dirac equation becomes a real equation. Therefore
we can consider real spinors if we like. Such spinors, which are real in the Majorana basis,
are called Majorana spinors.

In particle physics, real fields represent particles which are their own antiparticles. In this
sense a Majorana spinor is analogous to a real scalar field. Though no examples are known
with certainty in nature, it is thought that (some) neutrinos might be Majorana particles.

Note that in this representation,
15 =1""" = el

which is also imaginary. Since we know that " is Hermitian as well as pure imaginary, it
must also be antisymmetric. This is easy to check.

The existence of the Majorana basis highlights a problem with classical spinors. The mass
term in the Dirac Lagrangian is:

m@@/) = m@Da(WO)ab@/)b
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Since 7° is antisymmetric, this suggests that the mass term vanishes!

By the same argument one can also show that the kinetic term would be a total derivative.
Since y%y# is symmetric in the Majorana basis, we apparently have:

EW = wa(”YO’Vu)abauwb = %@L (%(’7%“)@%)

If this were correct there would be no Lagrangian for Majorana spinors at all!

However these statements are incorrect. Instead, we learn a fundamental fact: that classical
spinor fields should anticommute with each other instead of commuting:

Yoy = =y

Then the mass term is nonzero and the kinetic term also is nontrivial.

Because the spinors classically anticommute, the quantum mechanical treatment of them
will impose canonical anticommutators rather than commutators, as we will see.

3.6 Free-particle solutions of Dirac equation

—ikr - However

We have seen that solutions of wave equations are generically of the form e
now our fields are spinors, so this factor can only be a building block and must be multiplied

by some (possibly k-dependent) spinor. Hence we take:

Vo(2) = ug(k)e**

where k% = m?2.

This certainly solves the position-space Klein-Gordon equation. However it does not neces-
sarily solve the Dirac equation. Acting on the above by id, we pull down a factor of k,, so
the Dirac equation imposes the constraint on wu, (k) that:

(+#k, — mu(k) = 0

We assume the mass m is nonzero (we can treat the massless case later by taking the limit
m — 0). In this case we can boost to the rest frame of the particle: k, = (m,0). In this
frame the Dirac equation becomes:

(m~° — m)u(k) =0

or equivalently:
(1—~)u(k) = 0.
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To find zero eigenvectors of (1 —~°), we go to the Weyl representation where:

o (0 1
7_(110

Then,
1 0 -1 0
T -1 0 1 0 -1
— 0 = =
1= (—11 11) -1 0 1 0
0 -1 0 1
This has two zero eigenvectors:
1 0
0 1
1 and 0
0 1
Thus the most general zero eigenvector is:
1 0 a
0 Il 1ol [x
al +0b ol =141 = (X)
0 1 b

where a,b € €' and y is an arbitrary two-component spinor. We see that any spinor u(k)
with equal left and right-handed components solves the Dirac equation.

We choose to normalise the solution as follows:

u(k) =v/m (;) ;o xXIx=1

As a result, one can easily show that wu = ufy%u = 2m.
Note that after applying Dirac equation, a spinor has only 2 independent (complex) degrees

of freedom. These will later be identified with the spin up and spin down modes of a fermionic
particle.

It is a straightforward exercise to show that if we go away from the rest frame to a frame
where k* = (E, 0,0, k3), the free-particle solution becomes:

otk X
u(k) =
ark, x
Explicitly, we have:
1—o03 1+ 03
O'Mk’u = \/E+k’3 2 + E—k?g 2
1 3 1-o?
57k, = VE ks ZU VBT —
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Taking a basis for the two-component spinor y as:

()

we find the basis spinors:

E—Ts 0
0 VE T ks
u' (k) = ;o ui(k) =
VE T ks 0
0 VE = ks

Denoting the pair u!(k),u?(k) as u®,s = 1,2 we find that w° = u*'7" are given by:

@) = (VE+k 0 VE-k 0 )
@) = (0 E—k 0 VE+k)

Therefore:

a(k)u'(k) = <\/E2 —k3+ \/E2 — k:?z,) =2m
u (k)u*(k) = 0

which can be summarised as:

u"(k)u®(k) =2md"™
Similarly if we look for solutions of the conjugate Dirac equation:
(7K +m)v(k) =0

of the form:

we find a basis to be:

E — ks 0
0 VE + ks
vl (k) = : v*(k) =
—VE + k3 0
0 —VE — ks
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and

Tl (k) = (—\/E+k:3 0 E—k 0
v%k):( 0 —VE—k 0 \/E+k:3)

Hence we find:
v = —-2md"*

The inner products between u’s and v’s vanish:

u'v® =vu’ =0

We also have a pair of completeness relations:

S wik)ak) = (ku+m)a

s=1,2

S wik)my(k) = (V'k—m)a

s=1,2

3.7 Quantisation of the Dirac field

Now that we have the positive and negative frequency free-particle solutions, we can expand
the spinor field ¢ (z) over them as follows:

vulr) = / dBk1 22:[ —zk.m+b1]; v (k) eik-x}

D) = / Pk 1 Z [bs ol —ka+aTs—s(k:) ez‘k-x:|

As we mentioned earlier, spinor fields are quantised via canonical anticommutation relations.
We therefore impose:

{ma(t,2), (1, )} = i0a6° (T — )
since 7, = i)}, we get

{01(t, 2), (L, )} = 6u6°(Z — §)
Note that this relation does not involve derivatives of the fields, and is symmetric between v
and 1T. These features arise because the Dirac equation is first-order in time. We also have:

{Wa(t.2), (8, 9)} = {01, T), 0} (1. 9}
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The above relations imply the following anticommutator brackets for the oscillators:

{af, als} = {br, b5} = (27)°0° (k — k)07

and, with any choice of momenta and labels,
{a,a} = {b,b} = {a,b} = {a,b'} = 0.

Now just as we did for scalar fields, we define the vacuum state by:

ax0) = b0) =0, s=1,2

The Hamiltonian is:
) -
E

H= /d%(ﬂl% — L) = /d?’:c(—iwvi i)+ my) = /(27 ng<a§a2~ + bZ“SbZ*)
s=1

where we have dropped an infinite additive constant. The physical interpretation of the
ts

oscillators is as follows. a. creates a fermion of polarisation s, momentum k. On the other
hand bj; creates the anti-particle of this fermion, with polarisation s and momentum k.
We choose a Lorentz invariant norm:

(k,r|k' s) = 2we(2m)26% (k — K')o"

which means the particle state |k, s) is given in terms of oscillators by /2w a%s\()}. Of course
there will be a similar antiparticle state involving b'.

In a subsequent section we will show that the particles created by the spinor field have

angular momentum % in units of h. Therefore all quarks and leptons in nature can, at least

at the free level, be described by spinor fields. We will consider interactions later on.

3.8 Dirac propagator

Because fermions are quantised via anticommutators, we must define time-ordering for them
as follows:

TW(x)(y) = v@)oy) if 2®>y°
= =y y(x) if 2 <y’

With this, we can compute



This time we use a shortcut. Recall that for scalars,
(OT (¢(x)(y)) [0) = Dp(x —y)
was the Feynman propagator which solves:
~(0"9 +m*)Dp(a — y) = i6*(z — y)
Thereby we can determine that

d*k i .
o —ik-(z—y)
Dp(x—y)—/ (2m)4 k2—m2+iee o

where the ie determines the contour.

The fermion propagator likewise should be a Green’s function for the Dirac equation, satis-
fying:
(70 — m)an(Sk (2 = y))oe = 1000 ( — y)

We have seen that acting once more with the conjugate Dirac operator gives us the Klein-
Gordon operator. Using this in the above equation we get:

(9" 0y +m)(i7"8, — m)Sp(x —y) = —(8° +m*)Sr(z —y)
= (i7" 0, + m)d*(z —y)
This can be solved by writing
(Se(@ —y))ap = (170y + M) Dr(z — y).

Using the momentum representation of Dp(z — y), we have:

Sp(z —y) = / (d4k i + m) etk (@=y)

2m)4 k2 — m? + e

where we have used the notation § = +*k,. It can be directly checked that this satisfies the
desired equation and boundary conditions for a Feynman propagator.

The momentum factor in Sy is sometimes written:

i(k+m): i
E2—m?  k—m

but the RHS just means what is written on the LHS.

The Dirac propagator is used in Feynman diagrams whenever there is an internal fermion
line. For external lines, as we will see in a subsequent section, the propagator is to be
amputated and in its place, an external polarisation (which can be one of u®, u*, v*,7°) is to
be inserted instead.
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3.9 Spin of the field ¢,(z)

Recall the Lorentz algebra
[M‘“’, M/\p] — —[77“’\M”p 4+ n””M“)‘ _ n“pM”)‘ _ T]VAM'MP]

We know that M generates boosts and M%¥ generates rotations. But we have not taken
account of translations. These are generated by the momentum operator P*, which satisfies:

[P*PY] = 0

[Pﬂ, Jl/)\] — n,uup)\ o n,u)\Pu
The Lorentz algebra [M, M] together with the commutators [P, P| and [P, M] is called the
Poincare algebra.

Now there is a theorem that representations of the Poincare algebra are classified by the
values of P? = P,P" and W? = W,W" where

1
W, = —§EWWM””P"

is called the Pauli-Lubanski vector.

We have P? = m?, while
W? = —m?s(s+1)

where s = half-integer or integer is called the spin.

In the rest frame, P, = (m,0,0,0) and:
WO = 0, VVZ = —%m Gijijk

so W; is proportional to the ordinary angular momentum that we define in nonrelativistic
quantum mechanics. In fact W; is what we normally call J; (apart from a factor m) and we
know that:

JiJi=j(G+1).

Now, for spinors we have
1
V@) = (14 s ) vl

or

1
5’(/) = (1 + 500“1/5“” - wuuxuay) (0
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1
Defining the RHS to be (1 + ?uw,J‘“’) Y, we have

MW = SH — (2hd” — 2 0")
which expresses the angular momentum as the sum of a spin part and an orbital part.

Thus as an operator the Pauli-Lubanski vector is:

1
Wi = =S (§7 = (20" = 229)) i0”
— i Su)\ap
= _56;”/)\/)

Note that the orbital part has dropped out, justifying the claim that W, measures the
intrinsic angular momentum.

Now:
W,k = —%euuApS”)‘8P~—%’e“amSaﬁﬁﬂf
= Ot +) (357 (3b70%) 00
= 9, =~

The last steps above are left as an exercise.

Thus we find that s(s 4+ 1) = 2 and therefore s = 5. This proves that the spinor field v, ()
describes a field of spin half.

3.10 Charge of a state

Just like complex scalars, spinors too have a global phase invariance:
b=y, Pl eyl

The Dirac Lagrangian is easily seen to be invariant under this transformation as long as «
is constant. The corresponding conserved current, which can be deduced using Noether’s

theorem, is:
Ju = 1/1%1/1

and it is easily checked that this is conserved on using the equations of motion.
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The conserved charge is:
Q= [daen= [Exie= [dauly

At the quantum level the charge operator has to be defined with normal ordering so that the
expectation value of charge in the vacuum is zero. Thus after quantisation we must write:

Q= / ANARTUIETY
In terms of the oscillators az, b% we get:

Bk 1 ts s gisys
@= / (27)3 2wy (a’; 9 bE bE)

Using the anti-commutation relations for the a and b, we can now check that:

Q (af(0)) = a0y, Q (bll0)) = =(0)

demonstrating that af creates particles while b creates antiparticles.

This charge will become a physical quantity when we couple the theory to the vector field
A,. In that situation the physical charge depends on the value of the coupling constant e
which always multiplies (). If e is a negative number equal to the charge of the electron,
then the charge of particles is —|e| and of antiparticles is +|e|, which is what we expect for
electrons and positrons respectively.

The free Dirac theory described here can be used to describe all charged fermions in nature:
electrons, muons, tau leptons and quarks. For the neutrinos there is a slight subtlety. It is
possible that one or more of the neutrinos is a Majorana particle, which means it would be
described by a field that is real in the Majorana representation. Such a particle would be its
own antiparticle. This question is not yet settled and remains under investigation.
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4 The S-matrix

We now have all the machinery needed to compute physical quantities in QFT. But we still
need to make a connection between the correlation functions or n-point functions

(OT (¢(x1)@(x2) - - - ¢(xn))]0)

and physically measured quantities. This is done via the S-matrix.

In this section we do not want to be very specific about which field we are referring to (scalar,
spinor or vector) because the discussion applies to all of them. However whenever specific
formulae are needed, we will work with a real scalar field with a A¢* interaction, since it
provides the simplest example.

The S-matrix, or scattering matrix, of a QFT is given by a collection of matrix elements

7

between “in” states and “out” states in a scattering process. To understand these states,

recall how we defined the interacting in-vacuum:

Q)= lim e *#70)

T—oo(1—i¢€)
and the out-vacuum:
Q= lim (0]e "7
T—oo(1—ie€)

(both upto normalisation).

We have seen that the overlap between the two vacua is nontrivial:

(QQ) = lim <0|T(e—if_TTHz<t'>dt/) 0)

T—o0(1—i€)

The physical interpretation of the operator appearing above is that it is a unitary operator
that evolves us from the free vacuum in the far past to the free vacuum in the far future.
The S-matrix will be a similar unitary operator, but it will take us from a noninteracting
multi-particle state in the past to another one in the future.

Let us take the “in” state to be |pi, pa)in associated to two particles of 4-momenta (wy,, 1)
and (wg,, P2). In the interacting theory it would be hard to define this state. However in the
free theory we know that the corresponding state is:

D1, D)o = V 2wp, \/ 2w, a;rﬁa;r?zm)

Accordingly we define the state:

e 0= li —GHT | —» =
|p1,p2> T_)O})I(Tll_ie) € |p1,p2>0
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and likewise:

out<k17 e 7En| = Tﬂlil(lilfie) 0<El7 e 7En|€7iHT

Now the S-matrix is defined as the overlap, or inner product, of the “in” state with the “out”
state:

S(El,... ,En|ﬁ1,ﬁ2) = out<k17 T kn|ﬁ17ﬁ2>in
From the definition of in and out states, we can guess a formula that provides a useful
calculational technique to evaluate the S-matrix in terms of free fields in perturbation theory,

namely:

- - T N 1at L.
S lim oki, - ko |T (eﬂf‘T H(¥')dt ) D1, D2)o

(Elv"'vl;nlﬁlvﬁQ) o T—>OO(1—’iE)

It is not easy to justify the above formula very precisely as we did for the vacuum expectation
value earlier. Here we will simply assume it.

Consider the special case of 2 — 2 scattering, which means the final state has two particles
in it. Expanding the above formula, we have:

- = . T A S5
lim  o(ky, ko|T (6_2 Jor Hr ()t ) D1, D2)o

S(El Kolp1,p2) T—o0(1—ic)

= 0<E1, E2|Z71>Z72>0 +O(N) (2)

where for definiteness we can imagine an interaction of the form H;, = % [ ¢*. Now, the
first term in the last line is just:

\/ 2w 4/ 2w,/ 2w A/ 2w5, <0|agla,;2a;1a;2|0)
= 2wp - 2wp, - (2m)° (53(271 - E1)53(172 — E2) + 6% (g1 — E2)53(Z72 — El))

This term simply sets the initial state equal to the final state. So it does not take into
account interactions. The corresponding Feynman diagrams are “disconnected”, not in the
sense of bubble diagrams that we saw earlier but in the sense that particles pass through the
process without interacting with each other.

We would like to define a matrix T that is the “nontrivial” part of S. For this purpose we
need to drop all terms which do not contribute to scattering. Schematically we have:

S=1+:T
As we go along, we will see precisely how T should be defined.

Consider now the terms of order \:
A - o Lo
—ig 0<k317k2|T</¢4(y)d4y> D1, P2)o
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(here ¢ refers to the free field in the interaction picture, which should really be denoted ¢,
but we drop the 0 hoping no confusion will arise). Notice that this time we do not have
a vacuum to vacuum amplitude so we cannot just expand the time-ordered product using
Wick’s theorem. However we can use the result, derived in a previous lecture, that:

T(¢*(y)) = :6"(y): + 6Dp(0) :0*(y): + 3Dp(0)”

Now, recalling that ¢ = ¢, + ¢_ with:

_, A3k 1 "
t — N —iRT
¢4 (t,T) / <2W)3make

k1
otta) = [ a
(2m)3 \/2wi
we see that ¢ (z)|p1) # 0 (unlike ¢]0)). In fact,
. Bk 1 ik —iprx
¢+ ()|Ph) = / ok \/ﬂa,;e e 2w a;1\0> = e 717|0)
k

It follows that (ky, ka|:0*(y):|p1, 2) # 0. We evaluate it as follows. Notice that terms in
:¢*(y): of the form ¢ (y) give a vanishing contribution to the matrix element:

6ik~a:

T —+

(v, kol 6 (y)|B1, B) ~ (Olag,az, (a)* @l al, [0) =0

Extending this argument to the other terms, the only term we need to keep from :¢(y)*: is
6 ¢ (y)$2 (y). Thus we have:

,L. 1 - o
6~ [yl ol 62 ()61 0) 7 72

Now it’s easy to see that:

O+ (y) D1, o) = € PY|pa) + e YY)

So
Qﬁ(y) D1, Da2) = 2 e_l(p1+P2)~y|0>

and similarly,
<E17 E2| <252,(y) =92 <0‘ei(k1+k‘2)-y

Thus we finally get:
—i) / dy e'Frthmpime)y — i\ (27) 6 (ky + ks — p1 — po)
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This is clearly a contribution to (T'). Let us define M by:
(kr, ko liT |, o) = iM - (27)*6* (ks + ks — p1 — po)
So this term, coming from :¢*(y):, contributes M = —\.

Now we consider the other terms. For example, Dr(0) :¢?(y): gives:

Dr(0) <E1, kol d— (y) b+ (y) |1, Po)

This can be represented as 4 terms:
RN | | S
C\ " \Q g Nt N
] - _
Wy

Since all these represent non-interacting propagation, we include these in the “1” part of
S=1+:T.

Finally terms with (Dp(0))? give “completely disconnected” pieces which are therefore
dropped.

Thus to order A, we have:

M= —)

Here we finally see the physical meaning of \: it is just (minus) the leading contribution
to the M-matrix, which in turn contains all the physical scattering data contained in the
S-matrix.

We also see that M differs in an important way from the four-point correlation function:

O (6(w1)-+-ole) [ d'yo'(w)) ).

The latter in momentum space has four propagators and is equal to:

1
1
Y | e —r YL (A

izlkf—m2+ie(ﬂ) (ki oo+ k)

Thus M is an “amputated” version of the four-point function, i.e. with the external legs

chopped off. This is just as well, because with external on-shell particles satisfying k% = m?,

— would have diverged!

the propagators
propag k2 —m? + e

But now we see a problem. In the next order we would find
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Jp;vh__
/1%

by b

In this diagram, even after chopping off the external propagators, we find there is an internal
propagator (marked by the arrow) of momentum ks! This would diverge on-shell.

The solution is to understand that the true propagator is

and it is the whole thing that should be chopped off. In fact the “blob” diagram on the RHS
encodes how |p)o turns into |p).

Therefore the prescription to compute the T' or M matrix is to keep only completely con-
nected diagrams, amputate the full (corrected) full external legs, and then place the external
particles on-shell.

A e an X e ﬂ%\}(>@< a %
o LY
/A !

A1
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5 Quantum Electrodynamics

We are now ready to compute physical quantities using QFT. We will work with the theory
of quantum electrodynamics, namely a single charged fermion (electron) v (z) coupled to the
photon A, (). This theory is obtained by starting with the Dirac action:

Z.Ef)ﬂua;ﬂ/} - m%/i

and promoting the phase invariance under 1) — €', with o constant, to a gauge invariance
where o« = a(z). This requires the introduction of a vector field A, and the generalisation
of the derivative:

0, — 0, —ieA,

We also add a kinetic term for A,. The Lagrangian density is therefore:

. B _
[ — _ZFHVFMV + ilpW“(a,u — ieAH)ID — mapyp

We split the above Lagrangian into its free (quadratic) part and its interacting (cubic) part.
The free part is then quantised via anticommutators for the fermions. For the gauge field we
choose Lorentz gauge and then perform quantisation via the usual commutators. The next
step is to make a mode expansion for ¢ as we have done in a previous section, and a mode
expansion for A,, in Lorentz gauge as follows:

Bk 1
Au(l‘):/<27r)3\/27w];ro

where €, (k),r = 1,2 are the polarisation vectors, analogous to the free-particle spinors

Uq(x), ve(x) for spinor fields ¥, (). If the photon momentum is chosen to be (k, 0,0, k) then
a basis for €, (k) is (0,1,0,0) and (0,0, 1,0) (plane polarised) or (0,1,4,0) and (0,1, —4,0)
(circularly polarised). Finally the interaction GE’YHAM’Q/) is treated as a perturbation.

3

<a%e;(k3)e_ik'x + a%rez*(k)eik'x)

5.1 Feynman rules

We start by formulating the Feynman rules for this theory. The momentum-space propaga-

tors are:
" i(f+m)
) k2 —m? 4+ e
—i o
A,
K k2 + ie

We need to put polarisation factors on the external photon lines as follows:
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Similarly we need to put in external polarisation factors for spinors:
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Finally, the interaction vertex of QED is just the ~v-matrix:

P

—jeyt

Depending on where this appears in a diagram, it can describe an electron emitting a photon,
or an electron absorbing a photon, or a positron emitting a photon, or a positron absorbing
a photon, or an electron-positron pair annihilating into a photon, or a photon dissociating
into an electron-positron pair. We see that the vertex is rather a versatile object! It must
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be noted that for kinematical reasons, none of the above six processes can actually occur as
an on-shell processes with external particles — for example, it is well-known that an electron-
positron pair cannot give rise to a single photon because energy-momentum conservation
along cannot be satisfied for this process along with the on-shell conditions for each particle.

This is not a problem, because all the particles in the interaction vertex are allowed to be
off-shell. The vertex is then used as a building block for more complicated physical processes
that do satisfy all the kinematical conditions, such as electron-positron annihilation into a
pair of photons or scattering of electrons with positrons or photons or with themselves.

To add more “matter” particles in the theory, we simply add one copy of the Dirac action
(minimally coupled to the gauge field) for each species of particle, with the mass parameter
appearing in the mass term being fixed to its experimental value for each species. Each
species will give its own interaction vertex —iey” coupling the photon to the particle and
antiparticle of that species.

5.2 etem —putu

To illustrate how QED calculations of physical quantities are carried out, consider the pro-
cess:
ete” — ,u+,u_

where the external polarisations are labelled s, s’ for e™, et and r, 7’ for p=, ut.

/e

Time is taken to flow from right to left in this diagram. Note that the momentum flow and
particle number flow (the latter is the same as negative charge flow) are in the same direction
for particles. Hence a single arrow on the line labels both. However they are in opposite
directions for antiparticles. In this case the arrow on the line indicates the particle number
flow while the separate arrow labels the momentum flow.

The corresponding S-matrix element is
S(E,T,E/,T’W,s,ﬁ’,s/) =1+ (27’(’)454(1) + p/ —k— kl) M
with —ig
M =" (p')(—ier")u’(p) m u’ (k) (—iey”)v" (K)
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where we have used the fact that the 4-momentum carried by the internal photon is (p+p'),..
The above process is of order €? in the S-matrix. Note that no other diagrams contribute
at this order.

A diagram like the above where the incoming particles first annihilate into a virtual particle
and then the final state particles are produced, is called an “s-channel” diagram.

If we were doing eTe™ — ete™ there would be another diagram in addition to the s-channel
one. This is:

and is called a “t-channel” diagram.

On the other hand if we were doing e"e™ — e~ e~ we would have the two diagrams:

where the first one is t-channel and the second is “u-channel”. However there is no s-channel
diagram — because e~ e~ cannot annihilate into a photon. We see that all conservation laws
are already respected by the Feynman diagram expansion in QFT.

Returning to our original process ete™ — p*pu~, the quantity M can be simplified to:
-2
€ s s —r !
M = PESE +p’)QU (P )y"u®(p) u” (k)y,0" (k)

Now we need to extract a physical quantity out of this. This quantity is the differential
cross-section, which can be shown to be:

do 1 k
(%) M Ko

" 2wy 2wy [T — 7] 1672 oy
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where v = wi and U v" is the relative velocity of the two incoming beams. A

derivation of the above formula is prov1ded in Appendix I to this Section.

The above formula is general for any 2 — 2 scattering. Now in principle we must plug in
the value of M for eTe™ — putu™, given above. But we actually need |M|? which turns out
to be simpler! We find:

= (p +e4p/)4 (58'(19’)7%8(29) ﬂs(p)v”vs/(p’)) (ﬂr(k)wvr/(k’)WI(’f’)%qu))

M

where we have used (uy"v)* = (vy*u), an identity that is easily proved by going to a fixed
~v-matrix basis.

Notice that in the present process since there is only a single diagram that contributes
to leading order, |M|? is just the square of the contribution of that diagram. However for
processes where there are many diagrams, for example when both s and ¢ channels contribute
(or when we go to the next order in perturbation theory), M is the sum of contributions
from all the diagrams and therefore |M|? involves both the squares of individual diagrams
and the cross-terms that arise in squaring. The latter can be thought of as “interference
terms”. One should not make the mistake of squaring each diagram separately and then
adding the result, which would miss the important cross-terms.

Returning to the present calculation, in principle r, 7/, s,s" (the last two corresponding to
incoming polarisations and the former to outgoing polarisations) are all arbitrary. However,
in experiments we often scatter unpolarised beams, so we must average over s and s’. Also
we often don’t measure the final spins, in which case we must sum over final-state spins r, 7.
In such situations we therefore need to calculate:

123020 IMP

In this situation the completeness relations, derived in a previous lecture, help us to simplify
the expression. Using:

S wip)m(p) = ¢g+m
d v pp) = p-m

we find that:
Z szms| p%p) tr [(ﬁ/ _ me)fyﬂ<¢ + me),-yl/} tr [(% + m,u)’}/,u(k/ . mu)%}
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As shown in Appendix II to this Section, this reduces to:

1 2 8¢’ 2 2 2.2
ZZ‘M‘ = W [p-kp'~k/+p~k'p'~k+mup~p'+mek~k/—l—2mume]
spins

We now set m, — 0 since m? < p-p'. The error will be smaller than that introduced by
neglecting higher-order terms in the perturbation series.

In the CM frame, we have:

b= (E70707E)7 p/ = (E70707_E)

Now,

with 2B = Euy. Also, k = (B, k) and k' = (E, —k), where E = {/k* + m?.

p+p) =

= 4F°

p-p = 2B

p-k = E?—E|k|cosh=p -k
p-k =

= E*+ Elk|cos=p -k
where 6 is the angle of the outgoing ™

16 4
4

p~ pair with respect to the incoming e*e™ pair. So,

1 8et
JMP = C_[E*(E — |K| cos8)® + E*(E + || cos 6)* + 2m> E?]
% [2E% 4 2|k|? cos® 0 + 2m ]

64

I [E® + cos® 0(E” — mi) + m;ﬂ

2 2
= ¢t {(1 + %) + (1 — %) C0820:|
Finally,

do

1 B m; m;
- — 14+ —# 1— £ 29
40~ BT — 7| 1672 B K T )T TR )
Using
L |pe 1 Eem
=P P9 p—
and

o2 m2
= k| =FE\1—-—£
a=_— |kl=E\1-—7



we can write down our final answer for the differential cross-section:
do 1 F 4m? 1 4Am? 4m?
- cm 1 — 14 4 1 e 1 S 2 0
dQ 2Egm 2 Egm 167T2E0m ‘ |:< + ECQm) + ( ECQm) cos
a? 4m3 4mi 4mi )
T\, K” Ezm) ’ ( - Ezm) 9]
For the total cross-section, we simply integrate:

do do
a—/dﬁm—/d(cosﬁ)dgbm

The differential cross-section is independent of ¢ and has a dependence of the form A +

Bcos? 6. Then the integral is given by:

o = 27T/d(COS 0)[A + B cos® 0]

= 27 <2A+ ?)

4
- §(3A+B)

Inserting the value of A and B we get:

2
3 AEZ, Ein B

B Aror? - 4mz - Zmi
3EZ, EZ, EZ,

In the limit B, > m,, we get

d 2
d_§02 - 4;2 (1+ cos® )
Ao
H
7 32,
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Appendix I to Section 5.2: Formula for

For this, note that in an experiment, rather than the idealised process:
pos; B8 — ks Ko

we actually start with wave packets:

[ d&p 1 &1 Lo o
|¢e‘7¢e+> - / (27T)3 \/TC%‘(QW)g \/m(b(@(b (p )|p7p>

where ¢(p), ¢(p’) are the Fourier transforms of the spatial wave-function:

dgp - _ d3—»/
[ Gslor =1 [ Gsiow

More precisely, one of the wave-packets is allowed to have a transverse spread with an impact

parameter b. Thus we use

_ dsp 1 dgpl 1 1= =P B = o = ]
e 02) = [ s o T P BN )

For the final state, we assume the momenta k, k" are distributed in a region with invariant

volumes
Pk 1 PE 1
(2m)3 2w’ (2m)3 2wp,
Then the infinitesimal cross-section do is defined as:

$PrE 1 BPE 1 oS
do = Aok, r k| ¢- 2
g (271')3 QWE (27’(’)3 20}];/ / |< y TR, T |¢e 7¢e+>|

This appears to depend sensitively on ¢(p), ¢'(p’) but we will see that under suitable as-
sumptions, it does not.

Now, suppressing the spin labels r, 1/, s, s’ we have:

/d2b|< Flbe-, dos ) =

/ 2 / Pp o(p) [ &Py J(F) [ Pq o@D [ Pqd ¢*(T)
2m)% 2wz ) (2m)3 2wy ) (27)3\S2wg ) (27)% \/2wg

K57 =  iMEK D) 00+ —k— k)
KT = —iM(kK;qq)2n)'6%q+q —k—K)



—/

The [ d®b integral can now be done, giving (27)26(¢", — p")).

Next we would like to evaluate the integrals [ d3q, [ d®¢/, using the J-functions:
(@' —p) g +d —k—F)

If the scattering direction is z then 6(¢’, — p”,) just sets ¢, = p/, and q, = p,- That leaves
integrals over ¢., ¢;, gy, ¢.. But the ¢, and ¢, integrals are also easy — they set:

¢ = /{:y—l—k;—p; = p,

The integral over ¢. is also easy:

/@%@+%—@—@)

sets ¢ =k, + k. — q..

Finally we have:

[ ot +d— k=) = [ da.d (VE+ T ko~ k)

1

= _ ¢
qo0 q

q/z:kz+klz —qz

Now we also set go+¢q)—ko—k{, = 0 and ¢.+¢, = k,+k., = p.+p,. Therefore qo+¢q{ = po+pj
which implies that ¢, = p., ¢ = p..
Notice that: )

qZ qZ o !/

—— = =v-v

do 4o
where the RHS is the relative velocity of the two beams in the lab frame. Thus the §-functions
set g, = pu, q, = p, and we have

/wamW¢wP=/d%]' @ 1| MEF; 55
b e e ( (

27)3 2wz ) (2m)3 2wy lv — /|

< |o@)1*1¢' (") *(2m) 6 (p+ 1/ — k — k)

1
At this stage there is some simplification because e from [ dq, [ d*¢’ multiplied by a
T

(2m)? from [ d?b, times a (27)* from one of the M’s gives 1.
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Now if ¢(p), ¢'(p’) are sufficiently peaked at their central values (which we also call 7, p’
respectively) then we can evaluate

d3p - d?’p, e
| Gt = [ Ghslow -1

and take everything else outside:

/. 7\ |2
/deK | >|2 _ Mk, K5 p, p')l (2%)454(p+pl—/€—]€/)

2wy 2wy|v — V|
Thus the infinitesimal cross-section do is the above multiplied by:

dPk 1 PE 1
(27)3 2wy (27)3 2wy,

We have chosen the z direction as the scattering direction. Therefore the answer is not
expected to be rotation- or Lorentz-invariant, except under z-boosts. This is indeed the

case:

1 B 1 B 1 B 4
wpwprlv =V |pawp — plwsl papt — ephl [p—py — papl |

with py = p; £ p.. And this manifestly exhibits 2d Lorentz invariance.

The differential cross-section per unit solid angle is obtained by writing out the k, k&’ integral
and carrying out the &" integration:

Bl [ B 1 , ,
/< /’ @) (p+p — k— k)

2m)3 2wy ) (2m)3 2wy,

If we are in the centre-of-mass frame then p'+ p’ = 0. Thus [ d®k" sets k' = —k and the
above expression becomes:

Pro11
/ om) 28 2p 2O Fon — B - E)

where E = VE2+m? and E' = VE? +m?. Now writing d®k = d|k| |k|>d€, the integral

becomes:

1672 EE' ~ ) 160 EE (m N )
E £’

/ k| |k|2dQ 6(Ecy — E — EY) k2dQ) 1 1

where now |E | is no longer an integration variable but is determined by:

\/E2+m2+\/E'2+m2:ECM
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Thus the above expression is equal to:
k 1 sy |k

Jaoltl L _ [0

1672 E+ L’ 1672 E,,

— — k k,/, N2
<d9)cm 272w [V — | 167r2Ecm|M( K p,p')|

and:

Appendix II to Section 5.2: Evaluation of a trace

In this Appendix we wish to evaluate:

4

1 5 e , u y ;o
1 Z IM|* = ptp)t tr [(f — me)y" (B + me)y’] tr [(F+ mu)yu(F — mu)y]

spins
For this we need to know the traces of several matrix products. It is easy to establish that:
trll =4
tryt =
tryfy” = 4n™
tr fy“fy”fy)‘ =0
try" "y = A0 — " + )
From the above,
(W' = me " (F +me)y” = papstry®y iy Ty —mg ey
= ApLps (™™ =00 40 %) — dmin
= A(p"p” +p"p* — pp'n) — Amin"”
= 4"’ + P =" (p-p +m?))

Similarly,
tr (F + mp)vu(f —my )y, = 4 (kuk,u + lekl;,j/ — N (k- K+ mi))
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With these results we find that:

1 16 ¢ o .
12 M = W[p’“p + PV = (p - 0+ mR)][kky + Kk — 1 (B mi)]

spins

44
= m 2p-kp K 42Ky k—2p-p +m) (k- k)

=2(k -k +mi)p-p +4Ap-p +ml) (k- K +mp)

864 / / /W] 2 / 2 / 2 92
pt+p) [p~k:p k+p-k'p ./{;+mup~p +mik-k _|_2mume}

which is the desired formula.
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6 Radiative corrections and renormalisation

We must now understand how to deal with corrections that are higher order in e? ~ . For
example, in ete™ — ptu~ we have:

M e
+
H et

These corrections include a diagram where the photon, while propagating, emits a virtual
electron-positron pair and re-absorbs it. This is considered to be a contribution to the
“photon self-energy”. Also there are two diagrams where the cubic interaction vertex of
QED gets corrected by a virtual photon. This is called the “vertex correction”. Finally there
could have been diagrams where the electron or positron had a self-energy correction due to
a virtual photon, but these have been dropped as part of the prescription of amputating full
external legs.

The photon self-energy and vertex correction are associated to two- and three-point functions
respectively. So we can study them in isolation and then plug them back into the 4-point
function later. However, the last diagram is not of this type. It is intrinsically a correction
to a four-point function.

Let us therefore examine each one in turn. We start by studying the electron propagator
correction. To all orders in perturbation theory, one can represent it by:
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Now let us we define a “one-particle irreducible” diagram (1PI) by saying it does not fall
apart on cutting one line:

%‘ : {; . O\—e L

e S s ot e
s

Then the entire expansion can be organised as a collection of 1PI contributions strung in a
row:

e W e ey

—. ’%4--"—-@_@ ..... P i,

Note that since we are attaching them to each other with Feynman propagators, the 1PI
pieces themselves should be amputated. Let this amputated 1PI contribution, calculated to
any order in perturbation theory, be called —i%(p). Note that it is a matrix in spinor space.
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Now the full propagator can be written:
+ —1
P —mo ﬁ—mo( )ﬁ—mo

i 1 1 1
N P —mo (1+21¢—m0+21¢—m02¢—m0+m)
zﬁ—mo—E(p)

Here we have denoted the mass that appears in the Lagrangian by mgy. We see that the full
1

P —mo — X(p)
shifted value which we can write y = m.

propagator has a pole not at = my (since X(p)|p=m, 7# 0), but at some

Accordingly we define the physical mass of the electron to be the parameter m satisfying:

(# —mo = X(p))p=m =0

To lowest order Y5(p) is of order €?, so to the same order, inside it we can set y = m ~ my,
thus:

ﬁ—mo—z}Q(ﬁImo):O
which tells us that to this order,

m = mg + 22(? = mo).

Now using Feynman diagram techniques, the lowest-order contribution to ¥ can be com-
puted. It involves a divergent momentum integral but if we cut off the integral at a UV scale
A then we get:

3a A?
Zz(ﬁ = mo) = —My log —
Am mg

where as usual a = e?/47 and we ignore higher-order corrections in a.

Thus there is a mass shift or renormalization so that the physical mass m (the pole in the
full propagator) is related to the “bare mass” myg (the parameter in the Lagrangian) by:

3o A?
m = my 1+Elo ﬁ%

This tells us that once quantum corrections are introduced, the parameter mg in the La-
grangian is not the physically observed mass m = 0.5110 MeV. Rather, mq is tuned as a
function of the UV cutoff so that the physically observed mass m becomes 0.5110 MeV.

The physical picture that emerges is that parameters in the classical QFT Lagrangian do
not correspond to experimentally measured quantities! Instead, one first computes quantum
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corrections and then sets the quantum-corrected parameter (in this case, the mass) to the
experimentally measured value. The same is done with the coupling constant. The bare
constant is called ey and the vertex correction diagram allows one to define a renormalised
constant e in terms of ey (as well as the cutoff). The experimentally measured fine structure
constant « is not e /4w but rather e*/4w. Besides the masses and coupling constants, fields
are also renormalised.

Notice that the relation between the bare parameters mg, eg--- and the renormalised ones
m,e,--- is divergent as the cutoff goes to oo. In the present interpretation, this simply
means that the bare parameters mq, eg, - - - are themselves infinite, while the renormalised
parameters m, e, --- are finite. This causes no conceptual problem since by definition, bare
parameters are physically unobservable.

Once the coupling constants of a theory have been renormalised, one can compute loop
diagrams for scattering processes. For example in QED we can calculate loop corrections
to eet — p~pt. These will initially be expressed in terms of myg,eg. The cutoff is kept
finite during the calculation. At the end, mg, ey are eliminated in terms of the physical
(renormalised) couplings (m,e). If the resulting expression is finite in the limit that the
cutoff is taken to infinity then we obtain an unambiguous and physically meaningful answer
for a physically observable scattering cross-section (say) in terms of the physically observed
parameters of the theory. Theories satisfying this requirement for all possible processes are
said to be renormalisable.

Renormalisation can be carried out to any arbitrary order in perturbation theory (with in-
creasing difficulty). However if the theory has any interaction of dimension > 4, perturbation
theory generates more and more couplings that need to be independently renormalised, lead-
ing to a loss of predictive power. Such theories are called “non-renormalisable” and gravity
is among them. Theories which satisfy the dimensional argument for renormalisability need
not necessarily be renormalisable (the argument is necessary but not sufficient). Typically,
very hard work is required to prove renormalisability for any field theory.
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7 The Higgs mechanism

In this section we will describe a remarkable phenomenon that occurs in a rather simple
quantum field theory. We will couple a complex scalar to a vector field, as we already did
in a previous section. This is the theory that we called scalar electrodynamics.

First we re-examine the complex scalar theory by itself. Let us make a change of field
variables and write the complex scalar field as:

x L e
¢(x) \/ﬁR()G :

In these variables, the Lagrangian
* * )\ *
Ou" 06— m" 6 — 2(6°6)°

becomes: . . \ .
_ 4 oy Aoy Lo
L= 28MR8“R 2m R 4!R + 2R 0,0 0"

In the new variables, the phase transformation ¢ — €*®¢ that we studied earlier becomes:
0(z) — 0(z) + «

The variables we have introduced do not seem particularly convenient and in fact they
make it rather tricky to quantise the theory. For example the kinetic term for the field
is multiplied by the field R? so it vanishes at R = 0 (where polar coordinates are always
singular). However these variables have some amusing features. 6 is an angle-valued field
variable and the global symmetry transformation is therefore a constant shift around a circle.
There is no mass term for # and indeed no potential at all — such terms would break the
shift symmetry. Meanwhile the #-independent part of the action is just that of a real scalar

field R(z).

If there were some way to “stabilise” the classical value of R at a finite value, then the 6
kinetic term would indeed take a conventional form when R was expanded about that value.
This would make # a true massless field.

Such a stabilisation is easy to arrange. We choose a potential such that the field R gets a
minimum at a finite value. Replace m? in the Lagrangian by —m?. The theory then becomes:

A
2 J—

1 1
= — H — 2 —
L 28ﬂR8 R+ 2m R 1

1
R4+§R%@ﬁf

The potential term is now:

A 1
wmzam—?ﬁm

which has a “well” shape (recall that R(z) is always positive, as it is a radial variable):
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It is strange to consider a field with a negative value of m? (imaginary mass!). However this
merely tells us we have a bad choice of variables. The potential has a local maximum at
R =0, and a minimum at:

dV_ A3 o
dR_O = 6R m‘R=0
6m?2
= B=\7

2

If we study the theory around the local maximum, the negative m* simply indicates the

instability of the field to “roll down” to the minimum.

Therefore we are motivated to define a new field:

~ 6m?2
R=R=y\=3

The field R takes its minimum at 0 and therefore this shifted field should have decent prop-
erties including a normal positive value of (mass)2. Performing this shift in the Lagrangian,
we find after a short calculation:

1.~ - ~ m 3\ ~ A~
_ =t wp_o2p2 M 9N m3 Ay
L 28MR8R m-R 5 2R 4!R

3m? 6m? - 1 -
+ 5 (040 +\[ 25 RO.0) + 5B (9,6)°

Notice now that R has a sensible mass v/2m, and also that 6 has a sensible kinetic term.
Therefore 6 is now a physical field and it is truly massless — as we saw earlier, it has no
potential energy at all!

In this theory, a continuous symmetry was “spontaneously broken”. In the original variables
the symmetry was the phase rotation ¢ — €‘*¢ and because the potential was minimised
by nonzero ¢, we had to give the field a definite nonzero value in the vacuum e.g. R =

6m?
A ?
under the symmetry. In the radial variables the corresponding fact is that 6§ = constant is a

0 = 0. Thus the vacuum configuration, whichever one we choose, is not invariant

vacuum configuration for any constant.
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At the end, the theory has one real massive scalar and one “axionic” scalar with vanishing
potential. The latter is an illustration of Goldstone’s theorem, which says that sponta-
neous breaking of a continuous symmetry leads to an axionic scalar. In the (R, §) variables
Goldstone’s theorem becomes almost obvious.

Now let us promote « to a local parameter a(x). As we have seen, the Lagrangian will not be
invariant under such a phase transformation. In the new variables the #-independent terms

are all invariant under the local transformation (since it does not affect R) but the last term
532@98"9 changes to:

1
5R2 9,(0 + ) 0"(0 + )

We know that coupling a vector field A, (z) to a complex scalar field can preserve local gauge
invariance. In the new variables we achieve this by making the replacement 0,0 — (0,0 —A,,)
in the Lagrangian, which becomes:

1 1 A 1
szMwW%Emﬁﬁ—am+§W®ﬁ—4f
Now if we perform the transformation § — 6 + a(z) together with A, — A, + J,¢, it is
manifest that this action is invariant. Then, to the above Lagrangian we add:

1 v
EA == _Z W/F‘u

and we end up with a coupled theory that is gauge invariant. In fact it is just scalar
electrodynamics in new variables.

Now we again consider the negative m? type of potential that stabilises R at a finite value.
With a gauge field coupled in the system, something rather different happens compared to
what we saw above. The key difference arises from the #-dependent term, which in R, 60
variables is now:

1
§R%@0—Aw2

Once we take account of the nontrivial minimum away from R = 0 and expand the field
about it, this term becomes:

from which we can extract the quadratic term:

3m

2
T(aue - Au)2
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This term is not a “good” quadratic term as it stands, since it has a cross term between A,
and 0,0. This motivates us to perform a field redefinition:

A, — A, + 0,0
The effect of this is that the field 0 disappears completely from the theory and the term
becomes: 2
m
A

which is a mass term for A,. Meanwhile in the vector field kinetic term —iF uw 'Y the field
redefinition just looks like a gauge transformation and therefore that term remains invariant.

Recall that a mass term for a gauge field was prohibited by gauge invariance. However
here we have managed to introduce such a term in a gauge invariant theory! In fact the

theory above has a real massive scalar R of mass v2m and a massive gauge field of mass
_[3m?

This process is called the Higgs mechanism, and R is the Higgs field. We learn that when

we try to implement spontaneous symmetry breaking in the presence of a gauge symmetry,

Goldstone’s theorem does not apply but instead the Higgs mechanism takes place. The
would-be Goldstone boson disappears from the theory and the gauge field acquires a mass.
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8 Non-abelian gauge theories

8.1 Non-abelian gauge invariance

Symmetries play an important role in quantum field theory, to which we have not been able
to do full justice in this short course. What we have seen is the simplest class of continuous
symmetries, which act as phase transformations on scalar and fermion fields. We also saw
that these transformations can be given an arbitrary space-time dependence and thereby
converted® from constant (“global”) to space-time dependent (“local”).

We now extend the phase transformations to transformations that act as a matrix on multi-
component fields. Then we will consider the local version of such transformations.

Start with a set of complex scalar fields ¢; where [ = 1,2, --- N. The natural generalisation
of a phase transformation on a single field would be a unitary transformation on this set of

fields:
¢r(x) = Ursos(x)

Here Uy, is a constant matrix that satisfies U'U = 1. Clearly the Lagrangian:
0,3 0" b1 — mPprr — V(dror)

is invariant under the above transformations, where we have taken the potential to be an
arbitrary function of ¢;¢;.

Choosing the unitary matrix to be:
eial
U = eloz

e
elas

we see that an independent phase rotation on each ¢; is included in the possible unitary
matrices. However there are many more transformations included in U, and the non-diagonal
ones mix the different components of ¢;. It is easy to show that a unitary N x N matrix
has N? independent components. There are ways of parametrising the matrix in terms of
these N? variables but we will not need this explicitly for the moment.

Let us now consider promoting the unitary symmetry to a local one, which means letting U
be an arbitrary function U (z). The Lagrangian above fails to be invariant because:

Q' p — 9, (TU) 0" (Ug)

3If we consider a completely general local transformation a(x) then it can be decomposed into a part that
is constant everywhere and another part that is space-time dependent but falls off at co. In this sense «(z)
contains distinct global and local parts. Therefore it is not accurate to say that “local” is a generalisation
of “global”, though it is often said nonetheless.

92



where now we have suppressed the index I on the scalar field, as well as the corresponding
indices of U. Expanding out the right side, we get:

(0,0" U + 6" 0,U ") (0'U ¢ + U 9,0) = 0,0'0"¢ + 9,0" (U '0"U) ¢ + ¢ (9, U U )¢
+¢'(0,U'0"U)¢

This time the “unwanted” terms are matrices made out of the U;; and sandwiched between
gb; and ¢;. It is reasonable to guess that they could be cancelled by introducing a matriz-
valued vector field A, ; and generalising the derivative to:

0udr — (D)1 = (0,015 — €A, 15)ds
which we henceforth write in more implicit notation as
Oup — Dy = (0, —ieA,)d
Now we would like to arrange that under ¢ — U(x) ¢ we get:
D,y — U(z)D n®

so that the generalised kinetic term D, ¢'D,¢ remains invariant. This will be so if A,
transforms to AL in such a way that:

(0 — ieAL) Up=U (0, —ieA,)
Expanding both sides we have:
LU+ UD,p— ieAL Up=U0d,p—icUA, ¢
Since this must be true for every ¢, we have:
AL U=UA,—-i,U

or

b -1
A =UAU " — E@U U
This is the required generalised gauge-transformation law for the matrix-valued vector field.

As a check, we may specialise to the case of a single-component scalar, whereupon U becomes
the “1 x 1 unitary matrix” e’ and A, reduces to a single vector field satisfying:

1
A,/u, = A,u + ga“()é
This is the familiar Abelian gauge transformation that appears in electrodynamics.
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To understand the general case better, note that any unitary matrix can be written as:
U =i

where A is a Hermitian matrix?. We can derive the formula for an infinitesimal gauge

transformation by assuming the matrix A has small entries and dropping terms of second-
order and higher. The result is:

1
JA, = -9,A +i[A, A,]

Pooe

We see that the commutator of the vector field and the gauge parameter enters into the
transformation law.

Finally we need to consider adding a kinetic term that will make the matrix A, into a
propagating field, analogous to —iF w M for the abelian case. To find this one may use
trial and error. However a more reliable method is to notice that in the Abelian case we
have the following identity:

D,D,¢— D,D,¢ = [D,,D,)¢ = [0, —ieA,, 0, —ieA,|p = —ieF,, ¢

We learn the fact (which has a deep mathematical significance) that the field strength F),,
arises as the commutator of two covariant derivatives. Notice that in this case the gauge
invariance of F),, is guaranteed by the fact that:

D¢ = €D, ¢
where ¢’ = €'®¢. The above relation implies:
[D,, D] ¢' = e*[Dy, D] ¢

The LHS can be evaluated to give —ieF),, €’*¢ while the RHS gives —ie e’ F),,¢. It follows
that I}, = Fp,.

Returning to the general case, the commutator of two covariant derivatives can be evaluated
and gives:

[D,,D,| ¢ =—ieF,, ¢
where now F',, is a matrix acting on the column vector ¢, and is given by:
F, =0,A,—0,A,—ie[A, A

Repeating the above steps we find that the transform of this F' under matrix gauge trans-
formations satisfies:

UF,, =F,U

4There should be no confusion with our previous use of the symbol A for Lorentz transformations.
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from which we see that:
F,=U'F,U

It follows that the Lagrangian —i tr F,, F" is gauge invariant®.

To summarise, we have found a “non-Abelian” analogue of scalar electrodynamics by starting
out with the assumption that the scalars ¢ form a column vector and promoting the unitary
global symmetry to a gauge symmetry. The resulting Lagrangian is:

(D)D) = V(66) — |t F B

The last term in this Lagrangian is called the “Yang-Mills Lagrangian”. It is a beautiful
mathematical generalisation of the Maxwell Lagrangian and we see that it is required by local
unitary gauge invariance®. Expanding it out, we see a key difference between the Yang-Mills
and Maxwell Lagrangians:

1 1 )
— U FuFY = =2t (0,4, — 0,4,)" + %(@Ay —0,A,)[A,, A+ 1e’[A,, A)[A,, A,

We see that the single term _iFquW dictated by gauge invariance contains both free
terms and interactions. Moreover the interactions are very precisely dictated: a 3-point and
a 4-point interaction with related coefficients.

This means we can drop the scalar fields altogether and just study the “pure” Yang-Mills
theory, since it is an interacting field theory all on its own. Or we can add fermions.

8.2 Quantum chromodynamics

Today it is believed that the strong interactions are described by a non-Abelian gauge theory
very close to the one described above. First of all, instead of scalars we have a triplet of
fermions vy, I = 1,2,3 that are supposed to describe the 3 “colours” associated to each
quark. Because there are six types (flavours) of quarks (u,d, ¢, s, t,b) we should introduce
six such triplets, but for a conceptual understanding of the key features we can restrict
ourselves to a single flavour of quark.

Because there are three colours of quark, we might expect a unitary gauge invariance based
on the group U(3), however the gauge invariance of this theory is actually based on SU(3).
In general the group SU(N) is the subgroup of U(N) built from unitary matrices with

5In general we need to be careful about the normalisation of the trace, here we simply assume it is
normalised to unity.

6Unitary transformations are not essential: one can derive a Yang-Mills theory with gauge invariance
based on any non-Abelian Lie group.
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determinant 1. It can be parametrised as the exponential of a Hermitian traceless matrix,
where the tracelessness reduces from N? to N? — 1 generators. Thus this theory, called
“quantum chromodynamics” or QCD, has 8 gauge bosons, called “gluons”.

The Lagrangian of QCD with a single flavour is:
— — 1
(0, —ieA, )Y —mp — 1 tr F,,, F*

where we must be careful to keep in mind that colour indices have been suppressed in the
fermionic terms. Making them explicit we have:

iEl(aule — ieA,uIJﬁ/}J - m@[mh [7 J = 17273

Unlike QED with deals with electrons and photons, QCD deals with quarks and gluons which
have never been observed as free particles. This posed a puzzle for a long time. Quarks were
experimentally observed via “hard” scattering off nucleons, but could not be liberated, while
gluons were proposed essentially just for the sake of having non-Abelian gauge symmetry.
Today we understand the resolution to the puzzle of why they cannot be liberated.

The effective strength of a force is given by the renormalised rather than bare value of
the corresponding coupling constant. In QCD the relevant coupling constant is the strong
interaction coupling constant, denoted g, rather than e as we have done above. Now unlike
the bare coupling, the renormalised coupling involves subtraction of the cutoff-dependent
piece at some energy scale. This effectively imposes an energy-dependence on the coupling
constant which is then thought of as gs(x) where p is the typical energy scale at which
renormalisation is performed.

Now as we work at higher and higher energies E, the strength of the interaction is defined by
gs(p ~ E). In pure non-Abelian gauge theory as well as in the same theory after coupling
to a small number of quarks, it has been shown that

1

E Y
9+(E) log £

Therefore the strong interactions become weaker at high energies. In fact one needs to work
at sufficiently high energy to be able to use perturbation theory to study QCD.

The converse of this statement, which is on a less rigorous footing, is that at lower and lower
energies, corresponding to long distances, the coupling constant g, becomes large. Hence if a
quark or gluon tries to escape from a nucleon then the force pulling it back is effectively very
large. This is believed to lead to the phenomenon of “permanent confinement” according to
which the coloured quarks and gluons never appear as external physical states in the theory.
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Instead, only “colour singlets”, bound states of quarks and gluons into colour-neutral objects,
are seen.

Studying QCD at low energies, in particular proving the confinement hypothesis, cannot be
done in perturbation theory. Therefore one has to use methods like lattice gauge theory or
string theory.

8.3 Electro-weak interactions

We do not have time to discuss the electro-weak interactions in any detail here. So we will
limit ourselves to the fact that they are described by a non-Abelian gauge theory with gauge
group SU(2) x U(1), i.e. a non-Abelian and an Abelian factor, coupled to all the fermions
in specific ways as well as to a scalar field that forms an SU(2) doublet.

There are therefore four gauge bosons in the theory. Introducing a negative (mas.s.)2 in the
scalar potential, we find at the end that the Higgs mechanism renders three of the gauge
bosons massive. The remaining massless one is identified with the photon. The massive
ones are named W, Z and are the mediators of the weak interactions. This accounts for the
experimentally observed fact that the weak interactions are short-ranged. In fact this theory,
called the Glashow-Salam-Weinberg theory, can be well treated in perturbation theory and
is spectacularly successful. Moreover in some way it “unifies” the weak and electromagnetic
interactions.
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